PERIODICITY OF HERMITIAN X-GROUPS 



A. J. BERRICK, M. KAROUBI AND P. A. 0STV^R 



0. Introduction and statements of main results 

By the fundamental work of Bott it is known that the homotopy groups of 
classical Lie groups are periodic, of period 2 or 8. For instance, the general linear 
and symplectic groups satisfy the isomorphisms; 

^„(GL(R))-7r„+8(GL(]R)) 

7r„(Sp(C))-7r„+8(Sp(C)) 

^„(GL(C))^7r„+2(GL(C)) 

These periodicity statements were interpreted by Atiyah, Hirzebruch and others in 
the framework of topological ii'-theory of a Banach algebra A: recall that there are 
isomorphisms 

where KI°p{A) = 7r„_i(GL(A)) if n > and Kq°P{A) = K{A) is the usual 
Grothendieck group. Here p is the period which is 2 or 8 according as A is complex 
or real. We refer to [37] and [5^ for an overview of the subject, both algebraically 
and topologically. 

A few years later, after higher algebraic if-theory was introduced by Quillen, an 
analogous periodicity statement was sought, of the form 

K„{A)^Kn+p{A), 

where A is now a discrete ring. The first computations showed that a periodicity 
isomorphism of this form is far from true in basic examples. However, if we consider 
if -theory with finite coefficients, and n is at least a certain bound d, then some 
periodicity conjectures appeared feasible, at least for certain rings of a geometric 
nature. These conjectures were formulated for different prime power coefficient 
groups, and are essentially of the following type (n > d) 

Kn{A- Z/m) if„+p(A; Z/m). 

The relationship between the prime power m and the associated smallest period 
p is given by the following convention, which we maintain throughout the paper. 

Convention 0.1. For Z/m coefficients, where m = i'^ with £ prime, the smallest 
period p is given by 

_ r sup (8, r-i) if ^ = 2, 

^ ~ 1 2{e- otherwise. 
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Using techniques of algebraic geometry and a comparison theorem with etale 
if-theory, numerous examples listed below showed that these conjectures hold. In 
the case of a 2-power, the first three are particular cases of Theorem 2 in [52|, based 
on the fundamental work of Voevodsky [62 . In the case of an odd prime power, 
the first four examples are consequences of the Bloch-Kato conjecture. 

Before giving these examples, we define the mod 2 virtual etale cohomological 
dimension vcd2(A) of a commutative ring A as the mod 2 etale cohomological 
dimension of A ®x '^[^J'4:] obtained by adjoining a primitive fourth root of unity to 
A. For convenience, if £ is odd, then vcd^(^) denotes the mod £ etale cohomological 
dimension cdi(A) of A. For £ fixed, here are the examples we consider. 

(1) Any field k of characteristic char(fc) ^ £ for which vcd£(fc) < oo. In this 
case, d — vcde{k) — 1 if vcd£(fc) ^ and d — otherwise. 



(2) The ring Op [1/^] of £- integers in any number field F. In this case, d — 
vcdi{F) - 1 = 1 (cf. [43] when £^2). 




(3) Any finitely generated and regular Z [l/£]-algebra A with finite mod £ vir- 
tual etale cohomological dimension. In this case d — supjvcdf (fc(s)) — 1, 0}, 
where fc(s) is the residue field at any point s S Spec(^). The same state- 
ment holds when replacing Z [1 /£] by Q or by any other field k of charac- 
teristic 7^ £. 

The regularity assumption on A can be dispensed with when working with 
negative if-theory [4], [30], [31], [61]. As shown in 53 1 Theorem 4.5], this 
does not change the bound d. 

(4) Group rings R [G] , where G is finite and i? is a ring of ^-integers in a number 
field, as shown in [66]. Here d= 1. For some explicit computations see [42]. 

(5) The ring G{X) of real or complex continuous functions on a compact space 
X, as shown in [l^, [4^. In this case d = I. 

In these examples, the periodicity isomorphism between the groups Kn{A; Z/m) 
and Kn+p{A; Z/m) is defined by taking cup-product with a "Bott element" bx- For 
p — 2^^^ with > 4, one can construct this element in the group KpCZ; Z/2p), 
such that its image in the topological iiT-groupQ Kp{R; Z/2p) ^ Z/2p is the class 
mod 2p of a generator in Kp{M.) = Z. The cup-product alluded to above is a pairing 



We refer to Section[l]for precise definitions and the extension to odd prime powers. 

As we can see in these examples, a key role is played by the infinite general linear 
group GL{A). However, it was already shown in the works of Bott and Borel [10| . 
and also in topological applications, that other infinite series associated to classical 
Lie groups may be considered as well. More precisely, if we consider a ring with 
involution A and a sign of symmetry e = ±1 generalizing the orthogonal (e = 1) or 
symplectic (e = —1) case, one defines higher hermitian if -groups, denoted in this 
paper eKQniA), in a parallel way to algebraic if -groups Kn{A). These groups are 
associated to the infinite e-orthogonal group eO(yl). A typical example is when 
A is commutative and e = —1, in which case one recovers the infinite symplectic 
group on A. We refer to the survey paper [371 already mentioned above for precise 
definitions. 



^We shall write Kn instead of K^"^ when dealing with the field R of real numbers or the field 
C of complex numbers with their usual topology, and likewise for spectra. 




u 



: Kr,{A; Z/m) x Kp{Z; Z/2p) 



Kn+p{A; Z/m). 
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The main purpose of this paper is to show that a periodicity statement in alge- 
braic X-theory imphes a similar one in i^Q-theory, when 1/2 G A. Since KQ-theoiy 
with coefhcients Z/m, with m = 2'^, is the most important and difficult case, we 
state the main theorems in this context, leaving the case of odd prime power co- 
efficients to the end of this Introduction and to Section [5] of the main body of the 
paper. 

For the first step in the argument, we introduce a parameter q that is essentially 
p, apart from a slight modification in the case m — 16. Specifically, we make the 
following convention. 

Convention 0.2. 

r 8 if m < 8, 

q = < 16 if m = 16, 

[ m/2 otherwise. 

In other words, q = p except when m — 16, in which case q = 2p. It is meaningful 
to speak of periodicity maps raising dimension by q, since g is a multiple of p. 

As a convenient notation, we write KQ (resp. K) for the KQ-theoiy (resp. 
K-theoTy) with coefficients in Tj/ni, the relationship between m and the period p 
being as in Convention lO.il One of our main theorems is the following. 

Theorem 0.3. With the above definitions, assume that there exists an integer d 
such that the cup-product map 

n+p (A) 

with the Bott element in Kp{'L] Ijlp) is an isomorphism whenever n > d. Then, 
for n > d + q — 1, there is also an isomorphism 

Surprisingly, the isomorphism between the i^Q-groups is in general not given 
by cup-product with a Bott element (see Remark 14.81 in Section 4). This relates to 
the fact that hermitian if-theory possesses more than one Bott element, as we now 
describe. Whereas in algebraic if-theory universal Bott elements are to be found in 
the i^T-groups of the integers Z, here, because we are working with rings containing 
1/2, our Bott elements are to be found in the hermitian iiT-groups of the ring of 
2-integers Z' = Z[l/2]. 

As in algebraic if-theory, using the methods of j5], in this paper we prove 
the existence of a "positive Bott element" b'^ in iKQp{U] Z/2p) whose image 
in Kp{U] 1/2p) = Kp{1\ Z/2p) is the Bott element in i^-theory alluded to above. 

On the other hand, one of the main differences between algebraic and hermitian 
if-theory in our context is the existence of another elemenio u in _ii^(5_2(Z'), 
which plays an important role in the fundamental theorem in hermitian i^-theory 
|33) . We now define the negative Bott element b~ in hermitian i^'-theory to be the 
image of the element u'p/'^ in the group iKQ-p(Z,'; Z/2p). 

To make the statement of Theorem 10.31 more precise, we note that the cup- 
product with the positive Bott element in iKQpCZ'; Z/2p) determines a direct 
system of abelian groups 

eKQ„{A) eKQn+M) ^ e'KQn+2p{A) ■ ■ ■ . 



We recall that the negative ii'-groups of a regular noetherian ring (for instance Z or Z') are 
trivial. 
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Symmetrically, cup-product with the negative Bott element in iKQ-p{lJ ] Z/2p) 
determines an inverse system of abelian groups 

> eKQn+2M) eKQn+M) ^ eKQn{A). 

The theorem above can now be restated in a more precise form. (Recall that the 
overbar denotes Z/m coefhcients.) 

Theorem 0.4. Let A he any ring (with 1/2 G A), m, p and q be 2-po'wers as in 
Conventions \0.1\ and \0. 2\ and let d G Z, such that the cup-product with the Bott 
element bx in Kp^Z; Z/2p) induces an isomorphism 

Kn{A)~^Kn+p{A) 

whenever n > d. Then, for n> d, there is an exact sequence 

■ • • ^ eKQn+li^) ^ liSJei?Q„+i+p,(A) 

where 9^ (respectively 0^ ) is induced from the cup-product with the positive Bott 
element 6+ (resp. the negative Bott element b^ ). Moreover, for n > d + q— 1, there 
is a short split exact sequence 

^ ^,7?g„+p,(A) ^ eKQniA) A \in^,KQn+ps{A) ^ 0. 

It turns out that the inverse limit is not always trivial. This point is discussed 
in Section [2] (where the inverse limit vanishes) and Section |4] (where it does not). 

However, for rings of geometric nature and of finite mod 2 virtual etale cohomo- 
logical dimension, we conjecture that the inverse limit is trivial. 

Definition 0.5. We say that a ring A is hermitian regular ii ]^ ^KQ^_^_p^{A) and 
^im ^ sKQ„^p^{A) are triviaQ. 

Remark 0.6. It should be noted that subsequent to the original submission of this 
paper at the beginning of February 2010, as a consequence of a more recent theo- 
rem of Hu, Kriz and Ormsby 26[ in characteristic 0, the authors and M. Schlichting 
proved independently that a field of characteristic that is of finite mod 2 virtual 
etale cohomological definition is hermitian regular. Furthermore, Schlichting ex- 
tended this theorem for fields of characteristic p > with the same cohomological 
properties. This affirms Conjecture 16 . 61 of the present paper, which implies in turn 
our Conjecture 10.141 and therefore considerably extends the number of examples of 
commutative rings (and schemes) that are hermitian regular. The details of the 
proofs will appear in a forthcoming joint paper of the authors and Schlichting [7]. 
A particular example quoted below is given by suitable rings of integers in a num- 
ber field. In Theorem lO.lOi we state the periodicity theorem in this case with an 
independent proof which will be given in Section [21 A more general theorem is as 
follows. 



■^As a matter of fact, with our hypothesis about periodicity of the /C-groups, we always have 
Um^ = 0, since the inverse system satisfies the Mittag-Lefiier condition as we shall see in Sections 
|3]and|4] 
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Theorem 0.7. Let A be a ring which is hermitian regular and satisfies the hypoth- 
esis of the previous theorem for its K -groups. Then for n > d, the cup-product with 
the positive Bott element induces an isomorphism 

More generally, in order to fully exploit the spectrum approach and to improve 
the previous theorems, we may consider a pointed CW-complex X and define the 
group Kx{A) as the group of homotopy classes of pointed maps from X to /C(A), 
where K. denotes the if -theory spectrum. If X is a pointed sphere S*", we recover 
Quillen's if-group Kn{A)- For brevity, we shall also write Kx+t{A) instead of 
KxAS*{A)^ and Kx-t{A) instead of Kx{S*'A), where A denotes the ^-iterated 
suspension of A (see for instance [37] for the definition of the suspension and the 
basic definitions of various i^'-theories) . We adopt the same conventions for hermit- 
ian X-theory, and also for algebraic or hermitian if-theory with coefficients, and 
finally for spectra. 

The previous theorem can now be generalized as follows. 

Theorem 0.8. Let A he any ring (with 1/2 G A), m, p and q be 2-powers as in 
Conventions \0.1\ and \0. 2\ and let d G Z, such that the cup-product with the Bott 
element bx in Kp{1,\ l^jlp) induces an isomorphism 

KniA) ^Kn+piA) 

whenever n > d. Then, if X is a [d — l)-connected space, there is an exact sequence 

eKQx+M) ^ \m^eKQx + l+ps{A) 

^,KQx+ps{A) ^ eKQxiA) A \m^,KQx+psiA) ^ • • • • 
If X is {d + q — 2)-connected, there is a split short exact sequence 

^ ]^,KQx+psiA) ^ sKQxiA) ^ liu^eKQx+psiA) ^ 0. 

Finally, if A is hermitian regular and if X is {d — \)-connected, the cup-product 
with the positive Bott element induces an isomorphism 

JiQx{A)=,KQx+p{A). 

Corollary 0.9. For any (d q ~ 2)-connected space X and A as above (not nec- 
essarily hermitian regular), there is a periodicity isomorphism 

,KQx{A)^,KQx+p{A). 

For suitable subrings As in a number field F, the previous results may be stated 
more precisely, by using the methods of j6j. The rings As, defined in Section [2] 
below, generalize both the ring of ^'-integers (when S is finite) and the number 
field F itself. (More general examples are considered in Section [6] and in [7 •) 

Theorem 0.10. Let F be a totally real 2-regular number field as considered in [6]; 
also, let m and p be 2-powers as in Convention lO. li Then, for all integers n > 0, 
the inverse limit ]^Ta sKQ„^^^{As) is trivial (i.e. As is hermitian regular) and the 
"positive" Bott map 
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is an isomorphism. More generally, if X is any connected CW-complex, the Bott 
map 

px : eKQxiAs) eKQx+piAs) 

is an isomorphism. 

For completeness we mention the odd-primary analog of Theorem 10.41 which is 
proved in Section[SJ Its applications are related to the Bloch-Kato conjecture as we 
mentioned at the beginning. We note that the hypothesis 1/2 £ A may be dropped 
in this case. 

Theorem 0.11. Let p and m be odd prime powers as in Convention lU. 11 Let bx 
be the associated Bott element in KpiZ; Z/to) (see SectionUlfor details). Now let 
A be any ring and assume that, whenever n > d, cup-product with bx induces an 
isomorphism 

Kn{A)^Kn+p{A). 

Then there exists a "mixed Bott element" b in iKQp{Z') such that for n > d, the 
cup-product with b induces an isomorphism between the related KQ -groups 

More generally, if X is a (d~\)- connected CW complex, then the cup-product map 
with b induces an isomorphism 

Px : sKQxiA) A ,KQx+p{A). 

In Section[S]we note that work in progress by Schlichting allows us to extend 
our results from commutative rings to schemes S that are separated, noetherian and 
of finite Krull dimension. More precisely, following Jardine's method for algebraic 
fi'-theory [^H] we define an "etale" isTQ-theory, denoted by gif Q°*(5'), where the 
coefficient groups are prime powers. The etale KQ-tYveory shares many properties 
with the etale i^-theory introduced by Dwyer and Friedlander |15j . For example, 
there exists a comparison map 

a : eKQniS) ^ e'WliS). 
For odd prime powers, there is an involution on the odd torsion group ^KQ^^{S). 

6t 

Let eKQ^ and eKQ^ (S")- denote the corresponding eigenspaces. On the 

other hand, for any prime power (odd or even) , the cup-product map with the Bott 
element defined above induces a direct system of groups, whose colimit we shall 
denote by ^KQ^[S) \_fi~^\, in the notation of [60]. Next, we state two theorems 
and a conjecture in this context. 

Theorem 0.12. With the coefficient group l^jl^ , where I is an odd prime, there is 
an isomorphism 

for all n if cdi{S) < oo. Moreover, the comparison map a induces an isomorphism 
for n > sup{cd£(fc(s)) - l}seS- 
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Recall that S is uniformly ^-bounded with bound d if for all residue fields k{s) 
we have cde{k{s)) < d. In the event that S is uniformly ^-bounded with bound d, 
then cdi{S) < n + d where n denotes the Krull dimension of S; an elegant proof 
for this inequality is given in [391 Theorem 2.8]. 

At the prime 2 we prove the following theorem, reminiscent of the main results 
in [16] and in [60]. 

Theorem 0.13. With the coefficient group TLjl" , there is an isomorphism 

,KQn{S)[r']^e'Wl{S) 

for all n if vcd2{S) < oo. Moreover, the comparison map 

a : eKQJS) e'mliS) 

is a split surjection for n > sup{vcd2(fc(s)) — + q — 1. 

More generally, we make the following conjecture. 

Conjecture 0.14. With the coefficient group the map a is bijective whenever 
n > sup{vcd2(A;(s)) - Ijses- 

Using algebro-geometric methods, in Theorem 16.51 below we show how to reduce 
this conjecture to the case of fields. As mentioned above, the characteristic case 
was solved independently by the authors and M. Schlichting, while the positive 
characteristic case was solved by Schlichting. A proof of this conjecture in general 
will appear in a joint paper with Schlichting [7]. 

Let us now briefiy discuss the contents of the paper. 

In Section [1] for 2-power coefficients we carefully construct the Bott elements 
that play an important role in this work, as referred to above. 

Section [5] is somewhat independent of the other sections. In particular, we prove 
a refined version of our theorems in the case A is the ring of integers in a totally 
real 2-regular number field. (This version is a particular case of the considera- 
tions in Section [Sj for schemes. Assuming Conjecture 10.141 which will be proven 
in [7] , Theorem 12.11 may be given an independent proof in a much more general 
framework.) 

In Section[31 we introduce what we call "higher ifS'C-theories" . These theories in 
some sense measure the deviation of "negative" periodicity of the KQ-groups. On 
the other hand, they are built by successive extensions of the if-groups. Therefore, 
they are periodic if the i^-groups are periodic. 

Section|4|is devoted to the proof of our main Theorems l0.4l and l4.5l (for arbitrary 
rings with 2 invertible and mod 2'^ coefficients). The proof is roughly divided into 
two steps as follows. In the first one, we prove a cruder periodicity statement 
for rt > d + g — 1. In the second, we use the i^Q-spectrum and an argument 
about cohomology theories to prove the periodicity theorems in full generality. We 
conclude this section with an upper bound of the XQ-groups in terms of the K- 
groups. 

In Section [21 we study the case of odd prime powers, which is paradoxically sim- 
pler in our framework. The main observation is that the isTQ-ring spectrum splits 
naturally as the product of two ring spectra, the first one being the "symmetric" 
part of the if-theory spectrum. 

Section|6|is more geometric in nature and generalizes the previous considerations 
(when A is commutative) to noetherian separated schemes of finite Krull dimension. 
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Here we rely heavily on the fundamental theorem in hermitian /C-theory proved in 
the scheme framework by Schlichting |56j . 

Finally, Sections [7] and [5] are devoted to selected applications: rings of integers in 
number fields, smooth complex algebraic varieties, and rings of continuous functions 
on compact spaces. Another application, to hermitian KQ-theoiy of group rings, 
is a consequence of an appendix to this paper by C. Weibel [66] . 

Acknovirledgements. We warmly thank the referee for very relevant comments 
on a previous version of this paper. We extend our thanks to Marco Schlichting for 
discussions resulting in our joint work [7^ . 

1. BOTT ELEMENTS IN K- AND ifQ-THEORIES 

Let £ he a, prime number and S'^'/l" the mod Moore spectrum. In [\j §12], 
Adams constructed /CO^-equivalences 

The dimension shift p is sup{8, 2"-^} if £ = 2 and 2(^-1)^"-! if £ is odd. As shown 
by Bousfield in [T^l §4], work of Mahowald and Miller implies that a spectrum £ 
is /CO-local if and only if its mod £ homotopy groups are periodic via Af for every 
prime £. We shall refer to the periodicity manifested in /CO-local spectra as Bott 
periodicity. Note that /CO-localizations are the same as /CiY-localizations [T21 §4]. 

In general there are several choices of an element Agi' as above if the only criterion 
is that it induces a /CO-isomorphism. We are interested in particular choices of 
elements pertaining to classical Bott periodicity. Let u denote a generator of the 
infinite cyclic group tt2{BU). Then for r > 1 the Bott element u^"^ in TT4r{BU) is 
independent of the choice of u. We denote by v the element of TTsr{BO) mapping to 
the Bott element in TTsriBU) under the map induced by complexification c : BO — >■ 
BU. 

The mod 2^ Bott element in degree 8r > is the generator 

w = id50/2. At; e K08r{S"/2'': Z/2'') = [5°/2^ ICO A S" /2'']sr. 

The element ^2-' is called an Adams periodicity operator if it maps to the mod 2" 
Bott element in degree p under the naturally induced /CO-Hurewicz map 

7r,(5°/2''; Z/2'') ^ /C045°/2'^; Z/2'') 

for /2'^ . When £ 7^ 2, the definition of a mod £'^ Bott element is the same as 
above, except that ICO is replaced by JCU. Crabb and Knapp [14] have shown that 
there exist Adams periodicity operators for all £ and v >\. 

By smashing the unit map 5° —J' £ of a ring spectrum £ with S'^ / £" and pushing 
forward the class in 'np{S^ /£'^\ "L/P^) represented by the map Af^^ , one obtains a 
class in the group TTp{£] 'L/£'^) that we call a Bott element. 

Next, for m = 2p, where p = 2'"~^ is a 2-power > 8, we study mod m Bott 
elements in more detail for K- and KQ-theoiy in the example of Z'. The case of 
an odd prime is dealt with in Section [Sj 

To begin, we shall consider "Bott elements" in KpCE'; Z/m) and iKQp{Z'; Z/m), 
whose images in Kp{R; Z/m) and iKQp{R; Z/m), respectively, are generators de- 
duced from classical Bott periodicity for the real numbers (as i^Q-modules). This 
is well-known for the algebraic ii'-groups; it is included here for the sake of com- 
pleteness. 
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Bokstedt's square of algebraic if-theory spectra introduced in [9] 

/C(Z')# /C(R)^ 

i i 
/C(F3)# 1C{C)% 

was verified to be homotopy cartesian by Rognes-Weibel in [33], [5S], as a conse- 
quence of Voevodsky's proof of the Milnor conjecture. Here # means 2-adic com- 
pletions and means connective cover. Smashing with 5^/2'^ yields a homotopy 
cartesian square (an overbar indicates reduction mod m): 

_i _i 
/C(F3) IC{CY 

Denote by K the corresponding mod m homotopy groups. By Bott periodicity and 
the isomorphism ifp_i(Z') — > Kp^i{¥3), there is a split short exact sequence 

KpiZ') — > Kp{R)(BKpi¥3) Kp{<C) 0. 

On the other hand, Quillen's homotopy fibration 

nlc{c) nlcic) lc{¥3) lc{c) ^c) 

yields an exact sequence 

Kp+i{C) ^ Kp+i{C) Kp{¥s) Kp{C) ^ Kp{C), 
and hence the isomorphisms 

Kp{¥3) = mKpiC) = Z/m. 

Here nA denotes the kernel of the multiplication by n map on an abelian group A. 
Hence, diagram chasing shows there are isomorphisms 

KpiZ') =Kp{R) and KpiZ') ^KpiJFs). 

More precisely, there exists a Bott element bx in Kp{U) mapping at the same time 
to a generator of ifp(K) and to a generator of ^^(Fa). 

We proceed in the same manner in order to explicate Bott elements in hermitian 
if-theory, having almost the exact same properties as their namesakes in algebraic 
if-theory. More precisely, we shall prove the following theorem: 

Theorem 1.1. Let p > 8 a 2-power and m — 2p. Then the group iKQp{Z'; Z/m) 
is isomorphic to Z/TO©Z/m©Z/2. There is a Bott element in iKQp{U] TLjrn) 
that maps at the same time to a generator ofZ/m in iKQp(¥3; Z/m) = Z/m0Z/2 
and to a generator of iKQp{M.; Z/m), viewed as a moduli over iKQo(R; Z/m). 

Proof. In the following proof, we are going to use the results of [S] Theorem 6.1] 
and 6, Theorems 1.2, 1.5]. In 5 , it is shown that the square of hermitian X-theory 
completed connective spectra 

ilCQ{Z% i/CQ(M)^ 

; i 

i/CQ(F3)St im{<C)% 



The ring structure for iCQ-theory with mod 2" coefficients is well-defined ii u > 4. 
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is homotopy cartesian (Recall that i/CQ(C) is just ICO.) Reducing mod m yields 
another homotopy cartesian square: 

i/CQ(F3)^ i/CQ(C)= 
This in turn gives rise to a short exact sequence 

(1:1) iKQpiZ') iKQpiR) © iKQpiWs) iKQpiC) 0, 

which splits since iKQp{M.) is a direct sum of two copies of iKQp{C), say G®G. The 
first copy of G, say Gi, is generated by the image of 1 under the Bott isomorphism 
i7?Qo(R) = i7?^p(R) (see Appendix B in [B]). The splitting is given by the 
isomorphism between iKQ^lC) and the second copy of G, say G2. Therefore, we 
get an isomorphism 

ii?Qp(Z') = Gi e ilfQp(F3) 

In order to finish the proof of the theorem, we need to compute iKQp{¥^). By 
|19| . there is a Bockstein exact sequence 

(1:2) — ^ Z/2 ^ I'KQpi^s) Z/m 0. 

In order to resolve this extension problem, consider the map 
iKQo{V:i)lm = Z/m ® Z/2 ^ 1/^^(13) 

given by cup-product with any element that maps to the generator of iKQp{<C) = 
Ijm under the Brauer lift \KQp{¥z) — )■ lifQp(C). This gives a splitting of the 
exact sequence (|l:2p . and therefore \KQp{¥-i) =1/m®'^/'2,. □ 

Remarks 1.2. By considering the forgetful map from the hermitian K sequence 
P:ip to its algebraic K counterpart, one sees that the Bott element oi iKQp{'L' ] 'L/m) 
maps to the Bott element in the corresponding algebraic iiT-theory group under the 
map induced by the forgetful functor. Moreover, all the results for F3 in the above 
also hold for any finite field Fj with t elements, provided t = ±3 (mod 8). 

2. Proof of the periodicity theorem for totally real 2-regular 

number fields 

Let A be the ring of 2-integers in a totally real 2-regular number field F with 
r real embeddings. In [B], we proved that the square of hermitian if-theory 2- 
completed connective spectra 

i i 

is homotopy cartesian (with t a carefully chosen odd prime and where ^ denotes 
2-adic completion). Therefore, the mod 2'^ reduction of this square, namely 

MiVtY — > Y eJCQiCY 

is also homotopy cartesian, since eKQ-i{A) = by Lemmas 3.11 and 3.12 in [6]. 
Using this square, we deduce an enhanced version of our periodicity theorem. 
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Theorem 2.1. For n > and p — sup{8, 2'^^^} for v > 1, taking cup-product with 
the positive Bott element in iifQp(Z'; Ijl^) induces an isomorphism 

Proof. Cup-product with the Bott element in iiirQp(Z'; 2/2") induces an isomor- 
phism of gXQ-groups for the rings Fj, M and C, where Ff is the finite field with 
t elements. This is due to /CO-localness of the corresponding hermitian X-theory 
spectra, and an induction on the order of the coefficient group based on the five 
lemma applied to the Bockstein exact sequence. Therefore, the result follows from 
the five lemma together with the homotopy cartesian square above. □ 

Remark 2.2. The isomorphism for n = reflects the fact that 2-regularity implies 
that there is no nontrivial 2-torsion in the Picard group of A. 

We note that the number v was related to the choice of t = ±3 (mod 8) in 
Theorem ll.il (for A = U). However, the number t that makes the diagrams above 
homotopy cartesian (for A totally real 2-regular) is different in general. 

Therefore, we can improve the previous result by replacing m = 2" by A/, which 
is the number m multiplied by the 2-primary factor m' = ('^x^) of (^^ ^ 1)/^ 
(compare with Lemma 2.9 in 6 ). More precisely, we have the following proposition. 

Proposition 2.3. Let p = sup{8, 2"^^} and consider the canonically induced map 

iKQp{1'- Z/2'') iKQpiA- Z/2''). 
The image of the Bott element b in iKQp(A; Z/2'') is the reduction mod 2'^ of a 
class b mod M , with M ~ m ■ g~^ ^ as defined above. 

Proof. For brevity, we use the above notation, whereby m = 2'^ and M = mm' . 
As in the case of Z' considered in Section [U we can write the following diagram of 
exact sequences (where KQ = iKQ): 



KQp{W; Z/m') ® KQp{¥t; Z/m') ^ KQp{V; Z/m') ^ 
KQp{A; Z/Af ) ^ KQpiW; l/M) KQp{¥t; Z/M) ^ KQp{U'; I./M) 
KQp{A; Z/m) KQp{W: Z/m) KQp{¥t; Z/m) ^ KQp{U'] Z/m) ^ 



Chasing in this diagram shows the reduction map KQp{A; Z/Af) — > KQp{A; Z/m) 
is surjective. Therefore, the Bott element b in KQp{A; Z/m) is the reduction 
mod m of a class b mod M which we shall call an exotic Bott element (we do not 
claim, however, that b is unique). □ 

Theorem 2.4. Let b be an exotic Bott element in the group iKQp{A; Z/Af ) defined 
above. Then cup-product with b induces an isomorphism 

P : eKQn{A- -L/M') A eKQn+p{A- Z/M') 
for every n > and divisor M' of M . 
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Proof. We just copy the proof of Theorem 12.11 using the five lemma, since this 
periodicity statement holds for the rings R, C and Ft (see the independent lemma 
below for the field Ft). □ 

Lemma 2.5. Let Ft be a finite field with t elements and let p — sup{8, 2"^^^} and 
m = 2'^ . Then the image of the Bott element by the canonical map 

iKQp{Z'; Z/rn) iKQp{¥u l/ra) 

is the reduction mod m of a class mod Af ' ( with m \ M' ) if and only if 

(M')2<m-((i2-l)/8)2, 

where {1)2 is the 2-primary part of i. 

Proof. We look at the following commutative diagram, with exact rows: 

iKQp(¥t;Z/M') iXQp_i(Ft) ^ iifQp_i(Ft) 

iaM' i-M'2~'' lid 

i/^Op(Ft; Z/2"^) iKQp^iiWt) ^ ii^Qp_i(Ft) 

The Bott element in the group iKQp{¥t; Z/2'') maps nontrivially into the group 
iKQp-i{¥t) and its image is divisible by M'2~'^. On the other hand, we know 
by [IS] that iKQp-^i{¥t) is cyclic of order M, where M is the 2-primary part of 
(^p/2 — 1), which is also the 2-primary part of (t^ — 1) •p/4 by Lemma 2.7 in [6^. This 
number is also the 2-primary part of 2" • (t^ — l)/8. Therefore, a simple diagram 
chase shows that um' is surjective if and only if M' \ M. □ 

Now let us consider a nonzero prime ideal p in A, and the quotient field A/p. 
There is a commutative diagram 

Z' — > A/p 

i i 
A A/p 

where the right vertical arrow is the identity map. Since the Bott element in the 
iCQ-group iKQp{A/p; Z/2 ) is the reduction mod 2" of a class mod M, where M 
is a power of 2, we have an isomorphism 

iKQp{A/p; Z/A/) ^ Z/M Z/2 

according to the computations of the XQ-theory of finite fields in [T5| and Section 
[TJ It follows that there is a periodicity isomorphism 

,KQn{A/p; Z/A/') = .KQ^+piA/p; Z/Af) 

for n > and any M' \ M, given by the cup-product with an exotic Bott element. 
For the next two results, we recall from Proposition 2.1] that F contains a unique 
dyadic prime (that is, prime ideal lying over the rational prime (2)). For any set 
S of valuations in F including the dyadic valuation and the infinite ones, we define 
As to consist of the elements in F whose valuations not in S are non-negative. 
Thus, when S is finite. As is just the ring of S'-integers. When S comprises only 
the dyadic valuation and the infinite ones. As — A; while, when S comprises all 
valuations, As = F. 
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Theorem 2.6. Let p — sup{8, 2'^ ^} for > I. Then, for n > 0, cup-product with 
an exotic Bott element in iKQp{A; "L/M) induces an isomorphism 

p : eKQniAs; Z/M') A ,KQr.+p{As; Z/M') 

for any M' such that 2\M'\M. 

Proof. We use the homotopy fibration 

y M{A/p) ,]CQ{A) — > ,m{As) 

noted in |24| . where p runs through all nonzero prime ideals in S. For the cor- 
responding mod M' reductions (indicated as usual by an overbar) where M' \ M, 
there is a homotopy fibration 

y M{A/P) eKQiA) eKQ{As). 

The maps in this fibration are compatible with cup-products with elements of 
KQ^{A). The [/-theory spectra of finite fields are /CO-local as we showed more pre- 
cisely above (this is a consequence of the same property for the K and iiTQ-theories). 
From these facts, the five lemma implies the Bott periodicity isomorphism 

,KQn{As; Z/M') = ,KQn+p{As; Z/M') 

for n > 0, given by the cup-product with an exotic Bott element. □ 

Theorem 2.7. Let As be as before, and let b be an exotic Bott element in the 
group iKQp{A; Z/Af). Then, for any connected CW-complex X , cup-product with 
b induces an isomorphism 

p : eKQxiAs; Z/M') ^ ,KQx+piAs; Z/M') 

for any M' such that 2 | M' \ M . Moreover, when Ag ~ A, the previous isomorphism 
holds for any CW-complex, not necessarily connected. 

Proof. By Thcorem l2.61 the Bott map (3 is an isomorphism when X is a sphere S"" 
for n > 1. According to general facts about representable cohomology theories [8], 
it follows that /? is also an isomorphism if X is a connected CW-complex, (finite or 
infinite, thanks to Milnor's lim exact sequence). If As = A, then the Bott map /3 
is also an isomorphism when X — S'^. Therefore, the previous isomorphism holds 
also for not necessarily connected CW-complexes. □ 

3. Higher KSC-theories 

The useful concept of topological iiT-theory based upon self conjugate vector 
bundles KSC was introduced by Anderson [5] and Green (SD). In [531 P- 281], for 
a ring A with involution, the spectrum ICSC{A) was defined as the homotopy fiber 
of 1 — r, where t is the duality functor in algebraic iiT-theory 

T : IC{A) — ^ IC{A). 

The importance of XS'C-theory becomes evident from the homotopy fibration |33[ 
p. 282] 

JCSC{A) nelCQ{A) ^ n~^-eJCQ{A), 
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which imphes a long exact sequence (for legibihty we omit the ring A in the nota- 
tion) 

> eKQn+2 ^eKQn ^ KSCn eKQn+l ^ -eKQn-1 ■ ■ ■ . 

The morphism s'^^ between the -fCQ-groups is the periodicity map made exphcit 
in [33] . It is defined by taking cup-product with a generator of the free part of the 
group 

_ii^g-2(z') ^ iWo(z') = z ® z/2. 

(Recall our assumption that 1/2 G A.) We should note that this cup-product 
induces a morphism between cohomology theories, and thence the associated KQ- 
spectra and A'Q-spectra, according to Brown's representability theorem. 

It turns out that the KSC-gioups measure the failure of negative Bott periodicity 
for the ifQ-groups. To keep track of the degree shift we let KS-C^^) (resp. JCSC'-'^^) 
denote the KSC-gionps (resp. X5'C-spectrum). 

There exist higher analogs of this spectrum corresponding to degree shifts by 4, 
8 and higher 2-powers. 

The next version, denotecfl by elCSC'^'^\A) , is the homotopy fiber of the com- 
posite map 

: n,ICQ{A) ^ n-^^,ICQ{A) n-^ICQ{A). 
Proposition 3.1. There exists a homotopy fibration of spectra 

e/C5C(2)(A) ,ICSC^^\A) n-^,ICSC^''\A)) 
and a long exact sequence (we again omit the ring A for convenience) 

> ,KQ,,+2 eKQn-2 ^ sKSC^^^ ^ eKQn+l eKQn-3 

Proof. This is just the observation that for two composable maps u and u, there 
is a homotopy fibration J-{u) — > J-{v o u) — > •^(''^)j where J-{f) denotes the 
homotopy fiber of some map /. □ 
Iterating, for r > 4 a 2-power, we proceed similarly and define e/C5C^^''(A) as 
the homotopy fiber of the map 

: n,JCQ{A) fl-'^+i^/CQ(A) 

where a'^^^ = Jl^^'/^o-f''/^' o cr^''/^). In the other direction, if we allow the convention 
elCSC'-^\A) ^ nK{A), then from the original definition of KSC above the following 
also holds for r — 2. 

Proposition 3.2. For a 2-power r >2, there is a homotopy fibration of spectra 

e/C5C('^/2)(A) ^ ,ICSC'^''\A) ri-"/2,/C5C(''/2)(A) 
and an associated long exact sequence 

eKQn+2 — > e'KQn+2-r ^ eKSCl{> eKQn+l e'KQn+l-r ^ ' ' ' 

where e' = — £ if r = 2 and e' = e if r > 2. □ 
Finally, we show that the higher _R'S'C-theories depends on the sign of symmetry 

£. 

priori, this theory depends on e. A proof of this statement may be found in Lemma 13.31 
below. For KSC -theory with coefficients, we can also argue by contradiction as in Lemma l3.13l 
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Lemma 3.3. Let F he a finite field of characteristic ^ 2. Then the group 
is isomorphic to Z/2, while ^iKSC['^\f) — 0. 



Proof. Let us drop the field F for notational convenience. Then the group -iKSC^ 
fits into the exact sequence 



(4) 



1KQ3 



(4) 



-1KQ2 



We have -iKQ^i = by the same argument used in the proof of Lemma 3.11 in 
[B], where we should replace Rp by F. We also have ^iKQ2 = by a result of 
Friedlander [H]. Therefore, -iKSCf^iF) = 0. 

On the other hand, the group iKSC'^^ fits into the exact sequence 



(4) 



1KQ2 



iKQ-2 



For the same reason as above, we have iKQ_i = 0. We also have 1KQ2 = Z/2 
by an analogous result of Friedlander |19j . The periodicity map a can be factored 
though the group ^iKQq which is isomorphic to Z. Therefore, Ker(Q!) = Z/2 and 
the group iKSC'^'^^ is isomorphic to Z/2. □ 

We can mimic the previous definitions by taking spectra or groups mod m, where 
m is related to p according to our convention lO.il In that case, we shall write ICQ 
instead of ICQ, KSC instead of KSC, etc. 

Proposition 3.4. Let d be the number defined in the Lntroduction (i.e. the starting 
point of periodicity for the K-groups). Then for any 2-power r > 2, the positive 
Bott map 



■KSC,^_^^ JA) 



is an isomorphism if n > d + r — 2. 



Proof. We argue by iteration on the 2-power r, using the following diagram of 



exact sequences from (13. 2p : 
(3:3) 

-('■/2) , TTTTT^ir/^) 



KSC 



KSC. 



n+l-r/2^ 

; 

(r/2) 

n++p+l-r/2 



KSCl 



KSC 



.(r/2) 
n+p 



KSC] 
i 



■('■) 



KSC 



{r/2) 
n-r/2 



KSC 



(r) 
n+p 



KSC 



i 

(r/2) 
n+p — r/2 



n+p— 1 



KSC 



Commutativity of this diagram follows from the fact that the vertical maps are 
induced by cup-product with the positive Bott element in i^Q-theory as constructed 
in Section [Jl and that all maps are -fCQ-module maps. By induction, we know that 
the vertical maps, with the possible exception of the middle one, are isomorphisms 
if n — r/2 > d + r/2 — 2, that is n > d + r — 2. We conclude thanks to the five 
lemma. □ 



Remark 3.5. A variant of this proposition is to consider a parameter space X 
instead of a sphere S*". More precisely, by the method of proof of Theorem 12. 71 the 
Bott map 

a : JCSC^^\a) -+ ,KSC^;,\j,{A) 
is an isomorphism if the space X is (d + r — 3)-connected. 
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Next we consider the failure of positive p-periodicity in hermitian X-theory. This 
is encoded in the homotopy fiber of the periodicity map given by the cup-product 
with the positive Bott element 

which we shall denote by 'PefCQ{A). In the same way, we denote by PJC{A) the 
homotopy fiber of the periodicity map in if-theory 

1C{A) QPlCiA). 

According to our general assumptions, the homotopy groups PKn{A) of 'PIC{A) 
vanish ii n > d. On the other hand, we can introduce, cf. [33] . the homotopy fibers 
VeU{A) and V-eV{A)_ of the hyperbolic and forgetful maps rlC{A) VelCQiA) 
and V-e'lCQ{A) VlC{A), respectively. 

Proposition 3.6. There is a homotopy equivalence 

V-,V{A)^n{VM{A)). 

Moreover, the composition 

n^VelCQiA)) — ^ n{VelliA)) ~ V-eViA) — ^ V-elCQiA) 

is induced by cup-product with the negative Bott element in the group -iKQ^2{'^')- 

Proof. The fundamental theorem of hermitian i^-theory |33j exhibits an explicit 
homotopy equivalence (given both ways) between the spectra -eV{A) and ^JA{A). 

Moreover, with the notation /CQ(Z') = i/CQ(Z') V _i/CQ(Z'), these maps are 
/CQ(Z')-module maps. Therefore, the reduction mod m of these spectra is also a 
homotopy equivalence. Since the composition 

^''{VjCQiA)) n{r,U{A)) ~ V-eViA) V-,lCQ{A) 

is a /CQ(Z')-module map, it is defined by the cup-product with the negative Bott 
element, as proved in |33) . □ 

Lemma 3.7. If PKn{A) — for n> d, then the negative Bott map 

PjiQ^+M) ^ P-eKQniA) 

is an isomorphism for n > d and is a monomorphism for n = d — I. 
Proof. This follows from the diagram {A omitted) with exact rows 

PKn+2 PeKQn+2 ^ PeUn+1 ^ PKn+1 

_ i= _ 

PX„+1 P-eKQ^ -^PK„ 

the vertical isomorphism being a consequence of the fundamental theorem in her- 
mitian K-theory. □ 
Iteration of this Bott map induces a further isomorphism 

P^KQu+M) ^ PeKQniA). 

The classical induction method [5] (3.5)], adapted to this case, enables us to prove 
the following theorem. We recall that the overbar over the KQ indicates reduc- 
tion mod TO, where m was defined in the Introduction. Strictly speaking, one has 
to take TO > 16, in the theorem, so that KQ^{'L') is an associative ring — see 
Footnote m However, if to < 16, we can consider all these groups as modules over 
KQ^,{Z'; Z/16) and the Bott map still makes sense. 
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Theorem 3.8. Assume that PKn{A) — for n > d. Assume moreover that 
P^KQ^{A) = for e = ±1 and for n = d and d + I. Then the cup-product with 
the Bott element in iKQplZ,') induces a morphism 

/3„ : eKQ,,{A) ^ eKQn+piA) 

which is an isomorphism for n > d + I and a monomorphism for n = d. 

Proof. The 2-periodicity of the PKQ-gioups shown above (with a change of 
symmetry) imphes that P^KQ.^{A) ~ ioi n > d and e = ±1. From the exact 
sequence 

PeKQniA) eKQniA) A eKQu+pi^) PeKQn-M), 

we deduce the required isomorphism (starting from n = d+1) and a monomorphism 
for n — d. □ 

Unfortunately, this strategy is not efficient to estabhsh Bott periodicity because 
the starting point of the induction is not always valid (see the end of Section 
m for counterexamples and Section [2] for examples) . Therefore, we are going to 
take another approach towards Bott periodicity. From now on, we often assume 
implicitly that the iiT-groups are periodic starting in degree d. More precisely, the 
Bott map 

Kn{A) ^Kn+p{A) 

is an isomorphism for n > d, which implies that PKn{A) = in the same range. 
Our aim is to prove a similar periodicity assertion for KQ-theory, as we announced 
in the Introduction. 

Let us investigate in detail the composition of the two "opposite" periodicity 
maps 

elCQiA) n%lCQ{A) .ICQiA). 

Proposition 3.9. Let m and q be 2-powers as in C'onvention \0.2[ Then the cup- 
product between the images of the negative and positive Bott elements in 

iKQ±g{Z'; Z/m) 

is reduced to 0. Therefore, the compositions v o u and u o v are nullhomotopic. 

Proof. Since, by e.g. pp. 797, 799], ifCQoC^'; Z/m) embeds in i/i:Qo(K; Z/m)® 
iKQq{¥3; Z/to), we consider separately the projections of the composites to each 
summand. In each case, the key point is that the negative Bott element is a power 
of an element in degree —2. 

Projection to iKQo{M.; Z/m). We compute the cup-product of the two Bott 
elements, using the first step in 

|36j Lemma 1.10, that is, the twelve-term exact 
sequences of [33] for both Z' and the topological ring M. As in [351 Lemma 1.1], 
they show that the map 

Z ® Z/2 = iW-i(Z') — > iW-iiR) ^ Z 

is given by {w,a) i-> 2z where z generates iiy_4(IR.). We now use some standard 
facts: 



''Erratum: in the statement of Lemma 1.1 of |36| . one should replace Sy by 16y because in the 
proof the inclusion -iW^g ^iW^g^ is strict. 
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(i) there is a multiplicative isomorphism between Kn{S-) and iWn(R) for all 
n e Z [321 Theoreme 2.3], and when n is a multiple of 8, each group is Z, 
generator ?/„ say; 

(ii) the cup-square of the generator z of _ft'_4(R) = iVF_4(R) is 4 times a 
generator j/_8 of _ftr_8(M) = Z; 

(iii) the cup-square of any generator of the free part of iW-i{U) projects to a 
generator of the free part of iVF_8(Z') Z © Z/2. 

Let us write q — 2'+'^ where i > 0. From these facts, under the map 
Z ® Z/2 = iVF_,(Z') — > iW^_g(K) = Z, 

(w;,Q!)2'^^ is sent to (2^)^'^^ = 2-^'^^ • [A^'y-q — Now consider the com- 

muting diagram 

iM^_g(Z') ^Z®Z/2 ^ iii'Q_<,(Z') ^ Z®Z/2 — ^ K^q{U) = {^ 

\. \. \^ 

iT/F_,(R)?^Z < — iiv:g_,(R) Z® Z — > ii'_g(M)=Z 

Since the two lower horizontal maps correspond to the cokernel of the hyperbolic 
map (on the left) and to the signature map (on the right), they send a pair (m, v) e 
ZffiZ to {u-v)y-q e iW-q{R) and {u + v)y_q G K_q{R) respectively. Now, by (iii) 
above, the element 1 S Z C iKQ-q{Z') may be taken as (up to sign) the projection 
of (w, a)2'^\ and therefore maps both on the left to ±2'^/^y^q £ iPF_g(M) and on 
the right to G K^q{M.). Hence, the image {u,v) E iKQ^q{M.) of 1 must have the 
form ±(2«/2-i, -2«/2-i). 

Therefore, since always m < 2^/^^^ (the reason for the change from p to q), if 
we now take ifQ-theory with coefficients in Z/m, then the cup-product of the two 
Bott elements may be written 

a = (0, 0, T]) e iKQo{1'; l/ra) = Z/m ® Z/m ® Z/2, 

as calculated from the Bockstein exact sequence 

i/^Qo(Z') li^Qo(Z') iKQoiZ'; Z/m) iKQ^i{Z') = 

and Lemma 3.11 of [6j. Its image in iKQo(R; Z/m) = Z/m ® Z/m is thus 

±(2«/2-l, -29/2-1) ^ (Q^o). 

Projection to iKQq{¥3; Z/m). To compute the cup-product 7 of the images of the 
two Bott elements in iKQ±q{¥3; Z/m), we exploit the definition of the negative 
Bott element as the iterated power of an element in _iif(5_2(Z'). Therefore, 7 
is the image of the positive Bott element in iKQq{¥3; Z/m) under the following 
composition: 

ii^g,(F3; Z/m) ^ -ii^g,-2(F3; Z/m) ^ > iKQ^iWs; Z/m) ^ 

^_ii^g2(F3; Z/m) ^ iKQniWs; Z/m) 

According to Friedlander [H], we have -iKQ2i¥3) = ^iKQi{¥3) = 0. Therefore, 
from another Bockstein exact sequence, -iKQ2{¥3; Z/m) = 0, and hence 7 = 0. 

Finally, for the last part of the proposition, we use well-known facts in cohomol- 
ogy theories mod 2^ [31 I. p. 75] to prove that the composite maps vou and uov are 
nullhomotopic. More specifically, the multiplication by 2*^ on cohomology theories 
mod 2'"' is null-homotopic ii s > k and s > 2. □ 



Hcrmitian periodicity January 12, 2011 19 

For the next step, we need the following well-known Lemma (cf. O I. p. 75] 
again) which is a consequence of the splitting of the multiplication by m! on the 
spectrum S'^ /m, where m and m' are 2-powers defined below. 

Lemma 3.10. Let h* be a cohomology theory represented by a spectrum S and m 
be a 2-power. Let ; "L/m) be the associated cohomology theory represented by 
the spectrum S/m — S A S'^/m. Finally, let Tm' be the homotopy fiber of the map 

S/m — > S/m 

defined by the multiplication by a 2-power m' , where vn! > sup{4, m}. Then we 
have a canonical splitting 

Tm' ^ S/m X il(5/m). 

Let us denote by J- the generic homotopy fiber of the maps described before the 
lemma. There is a homotopy fibration 

J-{u) — !• F{v o u) — !• J-{v). 

According to the above considerations, J^(u) is the spectrum 'PelCQ{A), while 
J-{v) is the spectrum g]CSC^'^\A). On the other hand, as a consequence 
of Proposition 13.91 and the previous lemma applied to the spectrum of hermit- 
ian /^-theory, J-(v o u) may be canonically identified with the product of spectra 
elCQ{A) X il^lCQ{A). Therefore, by taking homotopy groups of the previous fibra- 
tion, we get the exact sequence 



KSCZg ^ PKQ,, ^ KQ,, ® i^Q„+i ^ KSCZ,-i ^ PKQ,,^, . 
As a piece of convenient notation, set 

^r.,„+i =^„®^„+l■ 
More generally, we shall also use the notation KQx,x+i fo^' the direct sum 

Proposition 3.11. We have the following two diagrams of exact sequences where 
the vertical maps are induced respectively by the cup-product with the negative or 
positive Bott element: 

-(9) 



PKQ^ ^ i^Q„,„+i ^ KSC\+^_, 

t PP'n t t < 

(<?) 



-(9) 



PKQn ^Qn,n+1 ^ ^^^n+q-l 

i PPn i io-n 



(9) 



PKQn+q ^ ^Qn+q,n+q+l ^ ^ '^^n+2q-l 

In these diagrams, PI3[-^ is an isomorphism if n > d and a monomorphism if n = 
d—1. We also have = Oifn>d—l. Finally, cr„ (resp. a'^^) is an isomorphism 
(resp. the zero map) if n > d — 1. 
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Proof. The second diagram is included in a bigger one with horizontal exact se- 
quences of i?Q(Z')-niodules, where we recah that 7fQ(Z') ^ {KQ{U)® _{KQ{U): 



KSCZ, -^PKQ^ ^^g„,„+i -^KSCZ^_, -^PKQ,,^, 

^ ^ P (^n \r \r \r 

We claim that the second vertical map P/3„ is reduced to if n > d — 1. In order 
to see this, we consider the reverse map 

F/?; : PKQn+q PKQn 
given by the cup-product with the negative Bott element. This is a monomorphism 
for n> d—1 according to Lemma 13.71 Since the cup-product between the positive 
and the negative Bott elements is equal to according to Proposition l3.91 we have 
necessarily = 0. On the other hand, as we have seen in Proposition I3.4[ the 
positive Bott map (T„ is an isomorphism 



iovn + q— l>d+q — 2, i.e. for n > d — 1. 

The reverse map cr^ is reduced to since its composite with ct„ is trivial (note 
that all maps in these diagrams are i4r(3(Z')-module maps).. □ 

Proposition 3.12. If n > d + q — 1, we have a split short exact sequence 



^ PeKQ„{A) ^ ,ifQ„,„+i(A) ^ ,KScl'lg^,{A) ^ 0. 
Proof. Let us consider a bigger diagram, where we now choose n > d + q — 1: 



KSC':' ^ PKQ,,_g ^ ^^Q„-5,„-,+i KSC):U 

Cn-g+l 1= i I OLn-q v/ 7 Cr„_g |= 

KSC^^q — > PKQj^ — > KQ^j^^i — > KSC^^g_i 

CTn+l i= 10 i an (T„ |= 

KSCn+2q ^ P^Qn+q ^ ^Qtl+q.n+q+l ~^ ^^^n+2q-l 

4q) 



We would like to insert a map 7 : KSC^-i — > n+i that renders this diagram 
commutative. For this, we consider the other composition 

We get a map from n^'^{T{v)) to n^'^{T{u o v)) that induces the required map 
7 since u o w is nuUhomotopic. The commutativity of the above diagram with 7 
inserted is a consequence of the homotopy commutative square 

n^lCQiA) ^ JCQ{A) 

i ni{u) i u 

n^^elCQiA) niJCQiA) 

where the vertical (resp. horizontal) maps are defined by the cup-product with 
the positive (resp. negative) Bott element. Therefore, we get the short split exact 
sequence 



which is an abbreviated formulation of our Proposition. □ 
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Remark 3.13. The group eKQ„ therefore decomposes in two distinct ways as 
the direct sum of two groups, that is 

and 

In the appendix to [6] and also in the theory of stabihzed Witt groups p8l, we 
give many examples of rings A such that Kn{A) = for all n G Z and therefore 

eKSCj^j^q_i{A) — 0. This implies that our two direct sum decompositions are not 
the same in general, since we may choose A such that the two groups and 
^KQjj^_^_i{A) are not 0. Moreover, this remark may be used to show that the higher 
eX5C-theory depends a priori on the sign of symmetry e. An example of this fact 
is A = Z' , where we know that PeKQ^ilJ) ~ 0. On the other hand, from the table 
of the iiTQ-groups of Z' [S], it is easy to see that liiTQ^ „^_j(Z') ^ (5„ „_,^j(Z') 
in general. 

For a better understanding of the periodicity statements we shall prove in full 
generality in Section lU let us consider the case where the 2-primary abelian groups 
eKQ^{A) are finite. The category of finite 2-primary abelian groups is of course 
well understood: its Grothendieck group (with respect to direct sums) is freely 
generated by the groups . On the other hand, it follows from Proposition [021 
that the groups eKQ^^^j^-^^A) = c.KQ^{A) © gif (5„_,_j(A) are periodic of period q 
with respect to n for n > d + q — \. More precisely, Pg^KQ^ is periodic for n > d 

according to Lemma [37fl and eKSC^j^q_i is periodic for 7i + g — 1 > d + q — 2, i.e. 
ioT n> d — 1, according to Proposition 13.41 

Let us write for the class of the group cKQ^+d+q-i the Grothendieck 
group and put t — — ag. We have the identities aq = ao + r, ag+i — ai — t, 
OLq+2 — OL2 + etc. In general, we may prove by induction on s the formula 

ar+qs = ar + {~1Y ST 

when r > 0. 

Proposition 3.14. Let us assume that the cup-product with the Bott element in- 
duces an isomorphism 

KniA; Z/m) Kn+p{A; Z/m) 

for n > d, and that the hcrmitian K -groups ^KQniA; Z/m) are finite for n > 
d + q — 1. Then these groups are periodic with respect to n when n > d -\- q — 1, of 
period q. In particular, we have t = in the formulas above. 

Proof. In the previous computation, let us write 

k k' 

i=i j=i 

where Ui and Vi are classes of nonzero irreducible modules and where k and k' are 
chosen minimal. We have the two identities, valid for all s > : 

Ctqs = af) + ST 
Ctqs+l = ai - ST 
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k' 

From the former, for all such s, the module s ^ Vj is always a summand oi ^KQ(i^q_i{A; Z/m). 

i=i 

Thus, k' — 0. Likewise, from the latter identity, fc = 0. Hence, r = 0. □ 
Another example of a periodicity statement in hermitian X-theory is to consider 
the case where A is the ring with involution B x i?°P. Here i?°P is the opposite 
algebra of B, the involution on A being defined by {b,h') i-> {b',b). It is easy to 
see that eKQn{A) = Kn{B) and that the negative periodicity map ^KQn{A) — > 
-eKQn-2{A) is reduced to 0. Therefore, we have the isomorphisms 

eKSC^iA) = ,KSCfHA) = X„+i(i?) ® K^{B), 

and, more generally 

,KSCiP\A) = Kn+i{B) ® Kn^p+2iB) 

for p a 2-power. If we now reduce these theories mod m and assume the positive 
p-periodicity of the associated ii'-groups (for n > d), then the last identity can also 
be written as 

eKSC^J!'lp_,{A) -Kr.+p{B) (SKn+i{B) 

^ Kn{B)(BKn+i{B) = ,KQ^iA) ® ,KQ^^,{A), 

which is a particular case of p.l2p . since P^KQj^{A) = 0. Note that the positive 
Bott map 

,KQr,{A) ^ ,KQ„+p{A) 
is here an isomorphism for n > d. 

In the spirit of Thomason, one may consider the periodized iiTQ-theory, which 
we shall denote by eKQ„{A) = lin^e KQ^_^_pg{A). We have the following 

theorem, quite similar to Connes' exact sequence relating cyclic and Hochschild 
homologies [T^ . 

Proposition 3.15. Let us take n> d + r — 2. Then (with the ring A omitted from 
notation) we have the exact sequence 

where e' — —e if r = 2 and e' — e if r > 2. Moreover, if also r > q, we have a 
splitting 

Note that for r = q, this splitting is also proved in the beginning of the proof of 
Theorem 14.21 

Proof. The first part of the proposition is a direct consequence of Proposition 13.41 

(r) 

showing that the KSC -groups are periodic for n > d + r — 2. 

For the second part, we notice that the map between the ii'Q-groups is 0, since 
the cup-product between the positive and negative Bott elements is 0, according to 
ProDOsition l3.9l Thus, the sequence decomposes into short exact sequences 

Now, the inversion of /3 yields an isomorphism 

s'KQn+2-r{A) [r'] = eKQn+2iA) [r'] 
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since q\r. Finally, the splitting of these sequences is as before a consequence of a 
general statement on cohomology theories. One has to replace n by a parameter 
space X, as we shall also do in the next section. □ 

Remarks 3.16. The most interesting cases of this proposition are when one has 

r = 2 or r = g. The proposition also shows that the groups ^KSC^ (A) are 
isomorphic for r > q. 

4. Proof of the periodicity theorems 

Our aim in this Section is essentially to prove Theorems 10.41 and 10.71 We begin 
with a lemma showing that it suffices to consider only the parameter q of Convention 
10.21 rather than the desired period p of Convention 10 . 1 1 when dealing with direct or 
inverse limits. 

Lemma 4.1. Let m be a 2-power andp,q be as in Conventions lO. l ] and \0.2\ ' that 
is, 



m 


P 


q 


< 8 


8 


8 


16 


8 


16 


> 32 


m/2 


to/2 



Then 

liujsKQn+psjA; Z/to) = huj^KQu+QsjA; Z/m) 

and 

]^m^KQn+j,s{A; Z/to) = ]^sKQn+qs{A; Z/m). 

Proof. We may focus on the exceptional case where m = q — 16 and p — 8. Here, 
by Theorem 1 1 . II there is a positive Bott element b'^ S iKQg^{Z,'), multiplication by 
which gives rise to the direct system of abelian groups 

The direct limit of its subsystem 

appears in the exact sequence of Theorem 14.21 below . However, since this subsystem 
is cofinal, its direct limit is precisely that of the original system. In other words, 
we may replace the term lir^g JCQ„_|_^ {A) by \iT[^ ^KQ^^f^^{A). 

Since the negative Bott element originates in „iiir(3-2(Z'), a similar argument 
shows that the term ]^gKQ^j^iQ^{A) may be replaced by ^nYsKQ^j^^^{A). □ 

We now start the proof of the periodicity theorems which will be a consequence 
of our considerations in Section |31 

Theorem 4.2. Let A be a ring with involution such that \/2 £ A and let m 
and p be 2-power s according to Convention \ 0.1\ We assume the existence of an 
integer d, such that the cup-product with the Bott element in Kp{'L] 'L/m) induces 
an isomorphism 

KniA; ^/m) ^ Kn+p{A; I./m). 
for n > d. For such n, there is an exact sequence 




\m^eKQn+i+ps{A; 'L/m) ]^^KQn+ps{A; Z/to) 
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% eKQn{A- Z/m) ^ \jx^eKQn+ps{A- Z/m), 
which for n > d + q — 1 gives a split short exact sequence 

^ ]^eKQn+ps{A; Z/m) -S eKQn{A; Z/m) lii^ei^Q„+p,(A; Z/m) ^ 0. 

Proof. For n > d, we consider the diagram of exact sequences of Propositions 13 . iT] 
and 13.121 (for convenience, we again drop the ring A and the sign of symmetry e in 
the notation): 

PPni i a„ CT„i^ 

-> Pl?Q„+, ^^„+,,„+,+i ^1^^2,-1 ^ 
Since the direct limit of the PKQ^-^j^^^ is equal to 0, we see that 

-(?) 



^}^KQn+qs,n+l+qs — '^''5'Cn+g-l ^ Ini(a„+g) 

which has already been proven in Proposition 13.151 
We also have a reverse diagram of exact sequences 

(4:4) P/?U^ _taU <tO 

where the vertical maps are now induced by the cup-product with the negative Bott 
element. The first vertical map is an isomorphism, while the last one is reduced to 
0, by Proposition 13. Ill 

From the splitting of exact sequences afforded by Proposition 13. 121 we have 

by Lemma l3n 

The first exact sequence in the first diagram above implies the exactness of the 
middle row of the diagram 

g+ 

(4:5) ^A'Q„+g, „+i+^^ ^ KQ^ ,^^^ ^ lin^iXg„+^^ „+i+g, 

4" ^ 4- 

Since the middle row is the direct sum of first and third rows, the exactness of the 
middle row implies the exactness of the third row. We apply the same argument 
for the left part of the required exact sequence. 

Now suppose that n > d + q — 1. Then Proposition 13.121 implies that in the 
diagram above x+ is a split epimorphism. The result follows. □ 

Recall from Definition [03] in the Introduction that a ring A is hermitian regular 
if the inverse limits 

lim^«+ps(^) and lim^;^„+p, (A) 
are reduced to for all n. 
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Examples 4.3. We remark that the second condition (with Um^) is always fulfilled 
if A has a periodic K-growp after a certain range, since in Section[3]we have shown 
that the inverse system {KQ^_f_pg{A)^ satisfies the Mittag-Leffler property. We 
have also seen in Section [5] that suitable rings of integers in a number field are 
hermitian regular. On the other hand, according to Hu, Kriz and Ormsby [25^ (resp. 
Schlichting) , if fc is a field of finite mod 2 virtual etale cohomological dimension and 
of characteristic (resp. p), we have a homotopy equivalence 

Since Kn{k) ^ Kn+p(k) for n large enough by [52 and [52], the positive Bott map 

iifQ„(fc) iKQ„+p{k) 

is also an isomorphism for n large enough. The same statement is true for the groups 
-iKQn, as we see by relating the groups iKQ, -iKQ and KSC (see Section [S]). 
As a conclusion, the negative Bott map 

eKQn+pik) eKQnik) 

is trivial for n large enough, which implies that k is hermitian regular by Theorem 
14.21 More generally, as a special case of the results in Section [5] and a planned joint 
paper with Schlichting [7 , any commutative algebra A whose residual fields are all 
of finite mod 2 virtual etale cohomological dimension is hermitian regular. In [7], 
these results will be generalized in the scheme framework. 

Remark 4.4. It is easy to see that the inverse systems of hermitian if-groups 
{eifQ„^pg(yl)} and Witt groups {eiy„+ps(v4)} are equivalent since we have the 
following factorization of the negative Bott map: 

Therefore, the lim and lim^ groups may as well be computed with higher Witt 
groups. 

Theorem 4.5. With the same hypotheses as in the previous theorem, let us assume 
moreover that the ring A is hermitian regular. Then, for n > d, the positive Bott 
map 

eKQniA) — > eKQn+p{A) 

is an isomorphism. 

Proof. According to Theorem l4.2[ it is enough to show that 6*^" is surjective. From 
the long exact sequence of Proposition [221 we obtain the map of exact sequences 
(4:6^ 

Observe from Theorem [4?2] that 7 is injective because the inverse limits are reduced 
to 0. Since u is defined by the cup-product with the negative Bott element, it is 
reduced to 0. An elementary diagram chase now shows that 9'^ is surjective. □ 

Although for simplicity we have presented the arguments only in the case where 
X is a sphere, we observe that the groups obtained in the exact sequences of the 
previous theorems can be considered as cohomology theories with respect to pointed 
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spaces X , if we replace the various spectra involved by their sufBciently connected 
associated spectra (so that the low-dimensional cohomology groups are trivial). 

In order to pass from exactness of the sequence to split exactness as we did at 
the end of Section |3l we may appeal to a general fact about cohomology theories, 
that any surjective morphisni like 

always admits a section. 

The following theorems are the analogs of the previous ones with a parameter 
space X. 

Theorem 4.6. Let A he a ring with involution such that 1/2 Cz A, m, p and q 
be 2-powers according to Convention \0.1\ and \0.2l We assume the existence of an 
integer d such that for n > d the cup-product with the Bott element in Kp{'L\ 'Ljra) 
induces an isomorphism 

Kn{A; Z/to) ^ X„+p(A; Z/m). 

(a) If X is {d + q — 2) -connected, we have a split short exact sequence 

^ ]^,KQx+ps{A; Z/m) % ,KQx{A- 'L/m) ^ \y^,KQx+ps{A- "L/m) ^ 0. 

As a consequence, the groups ^KQx{A; Z/m) are "periodic" with respect to X of 
period p, more precisely 

eKQx{A- Z/m) = ,KQx+p{A- Z/m). 

In particular, ifn>d + q — 1, there is an isomorphism 

eKQn{A; Z/m) ^ ,KQ„+p{A; Z/m). 

(b) Moreover, if A is hermitian regular, the previous statements are still true if we 
replace the number q by \. 

Corollary 4.7. For A, X as in Theorem \4-.6^ a), and n > d + q — 1, the positive 
Bott map 

Pn ■■ eKQn{A] Z/m) — ^ ,KQ^+p{A; Z/m) 

has 

(i) its image naturally isomorphic to the periodized KQ-theory, that is 

Im(;3„) = \m^^KQn+ps{A; Z/m), 

and 

(ii) its kernel and cokernel naturally isomorphic to\^nisKQn+ps{A; Z/m,). Con- 
sequently, if j3n is either infective or surjective then it is an isomorphism. 

Moreover, if A is hermitian regular, the same statements remain true on replac- 
ing q by \. 

Proof. Here, we chase the following commutative diagram, where the vertical maps 
are given by the cup-product with the positive Bott element: 

0^ \\T^,KQn+ps{A) ^ eKQniA) A \m^JiQ,,+^,{A) ^0 

i i /3„ ;^ 

0^ \^JiQ„+p+p,{A) ^ J<Q„+p{A) ^ ln^e^„+p+p.(^) 
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Remark 4.8. One may ask if the map 6'+ in Theorem 14.21 is an isomorphism in 
general for n sufficiently large. This is not the case however, as is shown in the 
Appendix C to 'S' and in f38' , where we give many examples of rings with trivial 
ilT-theory and nontrivial i^Q-theory. It follows from the 12-term exact sequence 
of |331 p. 278], that for such rings 9^ is an isomorphism. From the short exact 
sequence of Theorem 14.21 6*+ must therefore vanish, although the if Q-theory is 
nontrivial. Thus, 9^ fails to be an isomorphism. Other examples may be found in 
the paper of Hu, Kriz and Ormsby |25) for commutative rings and schemes. 

However, one may hope it is so for the examples of commutative rings A consid- 
ered in the Introduction, which are of "geometric nature" . See also Section |6] for 
an analogous conjecture in the category of schemes. 

We finish this section with an application to the computation of the -ftTQ-groups 
in terms of the if-groups when these groups are finite. (This result formally dates 
from the December 2010 resubmission of the paper.) For reading convenience, we 
again suppress the index e £ {±1}- 

Theorem 4.9. Let us assume the hypotheses of Theorem \4-.6\ and that for n > d 
the Kn-groups are finite, of order kn ■ Then for n > d the KQ^^-groups are finite, 
of order kq„ subject to the inequality 

kq„ + kq„_,_i < kd + kd+i H h fcd+g-i 

and equality kq„ = kq„^^ . 

Proof. According to p:3|) . there is an exact sequence 



■ ■ ■ y K SC V KSC^ y K SC r/2 ^ ■ ■ ■ . 

In the case r = 2, the outer two groups are respectively Kn+i and Kn, and so 

assumed finite when n > d. In general, if we denote by s^^ the order of the group 
(r) 

KSCn when it is finite, we therefore have the inequality 

< //2 , r/2 

For instance, with n > d, 

Sn+l — kn+1 + kn+2 

£ + — ^n+l + fcn+2 + fcn+3 + fcn+4 

Sn+q-1 < fcn+1 + fcri+2 H h hi+q ^ kd -\ h kd+q^l , 

where the equality follows from the assumption of if-periodicity. On the other 
hand, since the ring A is hermitian regular, according to Theorem 14.21 and its proof 
we have 

for n > d. This gives the required inequality. Finally, the equality comes from 
Theorem □ 

Example 4.10. If m = 8, we have q — 8. Therefore, for n > d, we have the 
inequality 

kq„ + kq„_,_i < kd + fcd+i H h fcd+7- 

In particular, if we assume that the groups eKQn{A) andgif are finitely 

generated, and that for some r and e the Witt group eWr{A) has an infinite free 
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summand, then by periodicity of Witt groups after tensoring with Q, one of the 
four groups eKQ„, eKQ„_^_i (e £ {±1}) rnust be nonzero. It now follows that at 
least one of the groups Kd{A), . . . , Kd+7{A) must also be nonzero. 

5. The case of odd prime power coefficients 

For the sake of completeness, we should also study KQ-theory with odd prime 
power coefheients, which is much easier to handle, starting from known results in 
if-theory. As is well known, if i is an odd prime, there is a remarkable Bott element 
Bk in the group ii'2(f-i)£''-i (^5 Z/i") (see Section [T] of this paper). In particular, 
its image in the topological ii'-group 

^2«'-i)£-i(K; Z/r) = if2(£-iK-i(C; z/r) - z/r 

is the image of an integral Bott generator in _ft'2(^-i)f'^-i (C) = Z. According to 
Convention lO.il we shall write p — 2{£ — \)f^^ (for the period) and m = (for 
the order of the coefficient group) . 

Let us assume now that A is one of the examples of algebras described in the 
Introduction. For odd primes, we use the Bloch-Kato conjecture, which is now a 
theorem proven by Rost and Voevodsky, cf. [Mj , [SS] , [53] , [H] , [S5] , [S^ , and [Bl] . 
This implies that the cup-product with the Bott element b induces an isomorphism 

K,,{A; Z/m) ^ K„+p{A; Z/m) 

whenever n > d for the type of rings A considered in the Introduction. 

In order to extend our previous results to hermitian /^-theory with odd prime 
power coefficients, it is convenient to describe more geometrically elements of the 
iC-groups and if Q-groups. This description in terms of "virtual" flat bundles is 
given in detail in Appendix 1 of [33]. For instance, an element of sKQn{A) can be 
described as a flat A-bundle E over an homology sphere of dimension n, provided 
with a nondegenerate quadratic form q. With this language, we can easily define 
an involution on the if Q- groups: it is induced by the correspondence 

iE,q)^iE,^q). 

Let us now consider the groups eKQn{A)' — ^KQn{A) ®i 11 . The tensor product 
of virtual A-bundles (when A is commutative) induces a ring structure on the direct 
sum of all these groups (with e = ±1)- On the other hand, the previous involution 
enables us to split each group ^KQuiA)' as a direct sum ^KQn{Ayj^ G) eKQn{Ay_. 

Lemma 5.1. The sum decomposition of the ^KQn{Ay described above is a ring 
product decomposition. In other words, the cup-product map between elements of 
KQ'_^ and KQ'_ is reduced to 0. 

Proof. Since we make 2 invertible in the iiT Q'-groups involved, one may think of 
an element z of KQ'j^ as a sum (i?, q) + [E, —q) and an element z' of KQ'_ as a 
difference {E',q') — {E',—q'), where q and q' are e- and e'-quadratic forms. The 
product z • z' is therefore (with q <Si q' an ee'-quadratic form) 

{E (E)E',q(S q') + {E ® E' , ~q (g) q') -{E®E\q® ^q') - {E ® E' , -q ® -q'), 

which is of course zero. □ 

Corollary 5.2. The ring product decomposition of the direct sum of the groups 
eKQn{Ay induces a ring product decomposition of the direct sum of the groups 
KQn{A; Z/m) when m is an odd prime power > 3. 
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Proof. The corollary follows from general arguments about cohomology theories 
modm [3]. □ 

Remark 5.3. One also has an involution on the ii'-groups induced by the duality 
functor, as was noticed already in Section |3l If we perform the tensor product by 
Z [1/2] or we take coefhcients in the group Z/m with m odd, the symmetric part 
is in bijective correspondence with the symmetric part of the corresponding KQ- 
group. This correspondence is induced by the forgetful functor or the hyperbolic 
functor [551 . 

Remark 5.4. Before introducing the Bott elements in this situation, it is worth 
mentioning that the fundamental theorem in hermitian i^T-theory holds for arbitrary 
rings (we no longer assume that 1/2 G A) when we localize away from 2. The details 
may be found in ^36^ Lemma 1.1]. More precisely, in this case the symmetric part 
ICQ{Ay_^ of the spectrum of JCQ{Ay is the symmetric part of the spectrum IC{Ay , 
whereas the antisymmetric part ICQ{Ay_ has periodic homotopy groups of period 
4, which are the higher Witt groups. This remark also applies when we take mod m 
coefficients with m odd. 

Let 6_|_ denote the Bott element in iKQp{Z; Z/m)+ = iif(5p(Z)+ corresponding 
to the usual Bott element 6_r- in 

Kp(Z; Z/m) = Kp(Z; Z/m)+ = Kp{Z)+. 

The following Theorem is now obvious, since X+ = KQj^. 

Theorem 5.5. Let A he any ring such that the cup-product map with the K-theory 
Bott element induces an isomorphism 

Kn{A)^K^+p{A) 

for n > d. Then, taking cup-product with 6+ also induces an isomorphism 

for the same values of n. □ 

On the other hand, there is another "Bott element" h' that lies in iKQp{Z)^ ~ 
iWp{Z; Z/m), which is the higher Witt group mod m. It is the image mod m of a 
suitable power of u G _iVl^2(Z) constructed in [33] and [311 Theorem 1.4]. 

Theorem 5.6. For an odd prime £ , let p ~ 2{£ — l)i'^^^ andm = f as in i fOTf)] . Let 

A he any ring such that its K-theory mod m is periodic for n> d, the periodicity 
being given hy the cup-product with the Bott element bj^- As usual, denote by KQ 
the KQ-groups mod m. Then, for n > d, there is an isomorphism 

where 9^ is induced by the cup-product with the sum 6+ + h' of the two previously 

defined Bott elements in the group 

iKQpiZ) - iKQpiZ)+ ffi iKQpiZ)-. 

Proof. If we consider the direct sum 

sKQniA) = eKQn{A)+ ® eKQ n{A) - , 

then the cup-product with this element b' is trivial on the summand i;KQ^{A)^, and 
induces an isomorphism from gKQ^{A)- to eKQn+p{A)- after [3U Theoreme 3.9]. 
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In a parallel way, the cup-product with 6+ is trivial on the term ^KQj^(A)^ and 
induces an isomorphism from f;KQ^{A)^ to ^KQ^_^_p{A)^, as shown in Corollary 
15.21 The theorem follows. □ 

Remark 5.7. By choosing a "negative Bott element" in iKQ_p(Z)_, we obtain 
an equivalent version of the previous theorem, in analogy with Theorem l0.4[ as the 
following short split exact sequence: 

In this exact sequence the inverse system (resp. direct system) is given by taking 
cup-product with the negative (resp. positive) Bott element in iKQ_p{'Z)^ (resp. 

Remark 5.8. For simplicity, we have assumed the ring A commutative in order to 
define internal cup-products. However, a closer look at the arguments shows that 
we have in fact used "external" cup-products of the type 

KQ{A) X KQiZ) —^KQiA) 

Therefore, the previous theorem extends easily to noncommutative rings, such as 
group rings. 

6. Generalization to schemes and etale theories 

The proof and the statement of Theorem l0.4l applv verbatim to schemes for which 
2 is invertible. This follows since the fundamental theorem in hermitian ii'-theory 
has been generalized by Schlichting - see his work in progress on exact categories 
with weak equivalences and duality |SB]. (Of course, in the context of CW-spectra, 
weak equivalences are in fact homotopy equivalences.) In this section we view this 
generalization in the context of the etale descent problem for hermitian i^-theory. 

Let 5 be a regular and separated noetherian scheme of finite KruU dimension 
(in the interest of generalizing these assumptions the inclined reader may compare 
with 53 and [5B]). Throughout, for a fixed prime i, we assume that Os is a sheaf 
of Z[l/£]-modules. In particular, for the important case £ = 2, 2 is invertible in S. 

For the definition of the hermitian iiT-theory spectrum ^ICQ{S), and the forgetful 
and hyperbolic maps between the algebraic and hermitian iiT-theory of 5, we refer 
to Schlichting's work [56]. In particular, as for rings, we may form the fibers eV{S) 
and eU^S) of the forgetful and hyperbolic maps, respectively. The generalization 
of the fundamental theorem to schemes in |56j shows that there is a homotopy 
equivalence 

(6:7) -eV{S)c:^n,U{S) 
such that the composite map 

is given by the cup-product with the negative Bott element in _ii^(3_2(Z'). 

With these results in hand, the proof of Thcorcm lO. 41 carries over to the setting 
of schemes. That is, if cup-product with the Bott element in Kp(Z; 'E/m), m and 
p being 2-powers linked by our Convention 10 . H induces an isomorphism 

Kn{S; Z/m) Kn+p{S] Z/m) 
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for n> d, then, for n > d + q — 1 there is a spht short exact sequence 

^e^„+p,(5) ^ eKQn{S) A linj,i?Q„+p, (5) ^ 0. 

We expect that the map 0^ is an isomorphism in many cases of geometric interest. 
(For n> d, and not just > d + (7 — 1: compare with Theorem l4.5l ) This question is 
cfosely related to the so-caUed etale descent problem for hermitian A'-theory and 
explicit computations, which are our main concerns in this section. 

Jardine introduced in 28' the Bott periodic etale hermitian X-theory spectra of 
S with mod ^'^-coefficients 

elCQf^'/tiS). 

More precisely, eK-Q!^^ / {S) is the /CO- or equivalently /CW-localization of Jardine's 
etale hermitian X-theory. By construction of the Bott periodic etale theory, there 
exists an induced mod comparison map 

Ts : eK-Q/t{S) — ^ elCQ^'/t{S) 

obtained by taking global sections of a globally fibrant model for the presheaf 
e/CQ/^''( ) on some sufficiently large etale site of S. 

Similarly, the mod f etale self-conjugate /^-theory JCSC'^'^ / f [S) of S is defined 
by taking a globally fibrant model of the presheaf KSCjP'^ ). Later in this section 
we shall make use of specific fibrant models. 

Recall that the notation vcd^ stands for the mod I virtual cohomological di- 
mension. When I is odd, then vcdf coincides with the usual mod t cohomological 
dimension cd^. Although cd2 is infinite in the examples of Z[l/2] and M, the num- 
ber vcd2 is finite in both cases. For a proof of the next result we refer to [40j 
Proposition 6.1]. 

Lemma 6.1. Ifvcde{S) < 00 then the etale hypercohomology presheaf 

H-,(-, ,JCQ/r{ )) 

is a globally fibrant model for e/CQ/^''(— ). The same fihrancy result holds for the 
presheaf ICSC /£"{-). □ 

The etale descent problem for self-conjugate if-theory can be solved easily using 
the solution for algebraic if-theory [52 . For a point s e S, let k{s) denote the 
corresponding residue field. 

Theorem 6.2. The comparison map 

is a weak equivalence on sup{vcd^(A;(s)) — 2} ses- connected covers. 
Hence, if vcde{S) < 00 then there is a weak equivalence 

LK,uK.SC/t{S) ^ JCSC''/t{S) ~ H',(5, L^uJCSC/t{ )). 

Proof. There exists a naturally induced commutative diagram of fiber sequences 
of presheaves of spectra 

jcsc/i^i-) — > /c/r(-) — ^ /c/r(-) 

\r 4" 
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Similarly to Theorem 16. 2| we do not expect that the comparison map Ts is a 
weak equivalence in general, but in many cases of interest it should be a weak 
equivalence on some connected cover. 

Let £ be an odd prime, and let the subscript + as in denote the symmetric 
part of if-theory. Then the forgetful and hyperbolic functors induce isomorphisms 
between the symmetric parts of the algebraic and hermitian if -groups of S at i. 
This allows us to infer the following result by referring to (52] and to Corollarv l6.8l 
for the symmetry of ctale hermitian if-theory at odd primes. 

Theorem 6.3. Let £ ^ 2. The comparison map 

is a weak equivalence on supjvcd^ (fc(s)) — 2} s^s- connected covers. 
Hence, i/vcd^(5) < oo then there is a weak equivalence 

Lku eicQ/r{s)+ eicQ''/r{s) ~ h',(5, l^w e/CQ/r( )). □ 



At £ = 2, we prove Theorem 10.131 stated in the Introduction. In the following, 
let n > sup{vcd2(A:(s)) — l}sgs + 9—1. Inverting the positive Bott element in the 
direct sum decomposition 

lip) 



yields 

In order to simplify the right hand side of this isomorphism, we first use the fact 
that if vcd2(>S') < oo then there is a weak equivalence 



Then, by etale descent for self-conjugate if-theory shown in Theorem 16.21 the 
induced comparison map 



is a weak equivalence on sup{vcd2(fc(s)) +r — 4}sg5-connected covers. Hence, there 
is an isomorphism 



eKSCn_^_p_i{S)[l3 ] — eKSCj^_^_p_i{S). 

As a result, 

maps by a split surjection onto its Bott localization 

By looking at one component at a time, we deduce that there is a split surjection 
and an isomorphism 



,KQ^{S)[r']^eKQ^{S) 
for all ri. □ 
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Our next result is a local-global comparison theorem. It will be a consequence 
of the homotopical setup due to Jardine, see e.g. [29] , and the rigidity theorem for 
hermitian X-theory of henselian pairs proven by the second author in |34' Theorem 
4] , cf. the unpublished work [27^ for an approach using homotopy theory of simplicial 
presheaves. The specific result we use is as follows. 

Theorem 6.4. /|34j ) Let {A, I) be a henselian pair with q E n Z such that I is 
invariant by the involution on A, and A + A = 1 for some X E A if q is even. Then 
the map of rings with involutions A ^ A/I induces an isomorphism 

eKQ„{A; Z/q) ^ eKQ^{A/I- Z/q) 

for all e and n > 0. 

We note that the sharper bound for the connected covers in the theorem below 
(relative to that in Theorem 10.131) equals the one shown for algebraic K-iheoiy in 

Theorem 6.5. Suppose that T^g) is a weak equivalence on (vcd2(fc(s)) — 2)- 
connected covers for every residue field k{s) of S . Then the comparison map 

is a weak equivalence on sup{vcd2(fc(s)) — 2} s£S- connected covers. □ 

Proof. There is a functorially induced commutative diagram with the mod 2 
comparison map displayed on top: 

e/CQ/2(5) Ul,{S,L^uem/2{)) 

i i 
H^i,(5, e/CQ/2( )) W^,^{S,mi,{S,L,cuemi2{))) 

We claim that the vertical maps are weak equivalences. By the Nisnevich descent 
theorem in [56], this holds for the left hand side. For the right hand side, the 
etale topology is finer than the Nisnevich one; so, the direct image functor maps 
H*j(5', I//aYe^2/2( )) to a globally fibrant object on the Nisnevich site of S. We 
claim that the mod 2 comparison map is a stalkwise weak equivalence on the given 
connected cover for the Nisnevich topology. In fact, let A be a Hensel local ring 
with residue field k and consider the functorially induced commutative diagram 

em/2{A) ^ elCQ/2{k)) 

; i 

Combining the previous theorem concerning rigidity for hermitian ivT-theory and 
the equivalence between the etale sites of A and k, this reduces the stalkwise weak 
equivalence to the assumed case of fields. It follows that the lower horizontal 
map in Diagram ([S]) is a stalkwise weak equivalence on the same connected covers 
between globally fibrant objects, and hence it is a pointwise weak equivalence on 
sup {vcd{k{s) — 2}gg5-connected covers. □ 

Motivated by the local hypotheses of Theorem l6.51 we make the following forecast 
of the outcome of the etale descent problem for hermitian ii'-theory. 

Conjecture 6.6. Suppose that k is a field of characteristic ^ 2. Then the com- 
parison map 

Tfc : e/CQ/2'^(fc) ,m^'l2^i,k) 
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is a weak equivalence on (vcd2(fc) — 2)-connected covers. 



Coniecture l6.61 in conjunction with Theoreni l6.5[ predicts that, in many cases of 
interest, hermitian if-theory is Bott periodic on some connected cover. Our earher 
results on Bott periodicity can be taken as obhque evidence for this conjecture. 
For n > vcd2(fc) + q — 1, recall the exact sequence of XQ-groups with 2-power 
coefficients: 

^ ]^,KQn+ps{k) ^ eKQnik) ^ liu^eKQn+psik) ^ 0. 

By Bott periodicity. Conjecture 16.61 implies that the inverse limit is trivial, i.e. 

In other words, the field k should be hermitian regular (Definition (03]). Conversely, 
if the inverse limit is trivial, then there is an isomorphism 

e+:,KQ,,{k)^\m^,KQ,^^j,M 

for n > vcd2(fc) — 1, according to our Theorem 14.51 As noted in the Introduction, 
a proof of the above conjecture is to appear in a joint paper with Schlichting [71. 

Lemma 16.11 can be motivated by the conditionally convergent right half-plane 
cohomological descent spectral sequence established by Thomason pOl: 

(6:8) ,EP-'' = Hl{S, ngL^u elCQ/r{ )) ^g-pH*,(5, L,cu elCQ/r{ )). 

Here the coefficient sheaf indicated by tt* is the etale sheafification of the presheaf 
of stable homotopy groups tt^L/cu el^Q/^" { )• The concept of "conditional con- 
vergence" for spectral sequences was introduced by Boardman in |8J. A useful 
consequence is that the descent spectral sequence (j6:8|) converges strongly provided 
that there exists only a finite number of nontrivial differentials. Thus, the spectral 
sequence (|6:8|) is strongly convergent if S has finite mod £ etale cohomological di- 
mension. (This will be the case in all the examples we consider.) The dr-differential 
in (j6:8p has bidegree (r, 1 — r) . 

In order to identify the etale stalks of c^Q/P^{ ), and consequently the i?2-page 
of (|6:8p . cf. [28], |57l Theorem 2.6], we invoke the Rigidity Theorem 16.41 together 
with the homotopy equivalences 

(6:9) em/t{A) ^ ,m/t{C) I I Z -I 

for a strict Hensel local ring A. The above is very similar to the case of algebraic 
iC-theory, where the etale sheaf associated to the presheaf 

U^TTnlC/riU) 

is the Tate twisted sheaf of roots of unity /i®*^ when n = 2A: is even, and trivial 
when n is odd. For ICSC and g/CQ at £ we have: 

Corollary 6.7. (^[57j ) The etale sheaf associated to the presheaf 

U ^Tln{JCSC/t{U)) 

is given by: 
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n mod 4 


£ = 2 


^7^2 


4fc 




,,®2/c 


4fc + 1 


,,«i2fc+l 
^-2 





4fc + 2 


,,(gi2fc+l 
^-2 





4fc + 3 


,,(»2fc+2 
M2'' 


,,®2*;+2 



Corollary 6.8. ([28\. [57] ) T/ie etoZe sheaf associated to the presheaf 

f/^vr„(,/CQ/r(C/)) 

zs given as follows. 
(1) Fore^2 by: 



n mod 8 


e = I, V — \ 


e^-l,v = l 


e = 1, V > I 


e = -1, V > I 


8fc 


P2 


M2 




,,«l4fe 
M2'' 


8fc + 1 


,,®4/£+l 





,,®4fe+l 





8fc + 2 


,,®4A:+1 
A*4 





(^|4fc+i)e2 





8fc + 3 


,MAk+l 
P2 





,,®4fc+l 
^^2 





8fc + 4 


,,84fc+2 
P2 


,,(»4fe+2 
^-2 


,,®4fe+2 
P2'' 


,,«)4fe+2 
M2'' 


8fc + 5 





,,(gi4fe+3 
P2 





,,(8i4fe+3 
^2 


8fc + 6 





,,(»4fe+3 
M4 





(^®4fe+3)e2 


8k + 7 





, «4fc+3 
H-2 





,,(8i4fc+3 
P2 



(2) For t ^2 and e = ±1 by jif^^ if n = 4fc, and trivial otherwise. 

Remark 6.9. In Corollary 16.81 the (4, 2)-periodicity in the change of symmetry 
between the e = 1 and e = — 1 cases in the table for ^ = 2 is given by cup-product 
with a generator of -iKQ^{C; Z/2'^). The case I' ^ 2 is similar. In degrees 8fc + 2, 
recall that RP^ is a mod 2 Moore space and KOCRP"^) = Z/4 generated by the 
tangent bundle, while the universal coefficient sequence splits for v > 1. 

As a consequence of Lemma l6.1l and Corollarv l6.81 we conclude that if vcd2(5) < 
oo then there exist conditionally convergent cohomological spectral sequences 

Hl{S,^if^') q = 8k 

q = 8k + l 
q = 8k + 2 
q^8k + 3 
(J = 8fc + 4 
q = 5, 6, 7 (mod 8) 

and 



= < 



H!Mt^f 





,KQ^_J2{S\ 





q = 


8k 




q = 


8k + 4 




q = 


8k + 5 




q = 


8k + 6 




q = 


8k + 7 





q = 


1,2,3 (mod 



^,KQf_^/2iS). 
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And for ly > 2, the descent spectral sequences take the forms 



= < 



and 







8fc 

8fc- 

8fc- 

8fc- 

8fc- 



1 
2 
3 

4 



5, 6, 7 (mod 



8k 

8fc- 

8fc- 

8fc- 

8fc- 



4 
5 
6 
7 



1,2,3 (mod 8) 

For £ 2 and cd£(S') < oo, the descent spectral sequence takes the form 







g EE (mod 4) 
q^O (mod 4) 



Note that the i?2-pages are independent of the symmetry e. This is not surprising 
since on symmetric parts if-theory mod i'^ maps by a weak equivalence to hermitian 
if-theory mod i'^ . 

The following results are concerned with Bousfield ^-adic completions (denoted 
by #) of the self-conjugate and hermitian iC-theory spectra. Bousfield introduced 
this notion in 12^. First we shall tabulate the corresponding etale sheaves. Let 
Zf' denote the k th Tate twist of the i'-adic integers. 

In the example of self-conjugate iiT-theory the etale sheaves are periodic in the 
following sense. 

Corollary 6.10. The etale sheaf associated to the presheaf 

U ^ TTn{JCSC{U)#) 

of i-adically completed self-conjugate K -theory is given by: 



n mod 4 


£ = 2 


It^2 


4fc 


^02/c 




4fc + 1 


,,(gi2fc-|-l 
^2 





4fc + 2 








4fc + 3 




^8)2fe+2 



For hermitian iiT-theory the etale sheaves are periodic in the following sense. 
Corollary 6.11. The etale sheaf associated to the presheaf 

f/^7r„(,/CQ(C/)#) 
of i-adically completed hermitian K -theory is given as follows. 
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n mod 8 


e = 1 


£ = -1 


8fc 






8fc + 1 


,,«i4fc+l 





8k + 2 


,,(gi4fc+l 





8k + 3 








8fc + 4 




^(8)4fc+2 


8fc + 5 





,,®4fc+3 
P2 


8fc + 6 





,,®4fc+3 
P2 


8k + 7 









' e = ±1 hy iJf^^ if n = Ak, and trivial otherwise. 



In the following, etale cohomology is continuous etale cohomology [15], |26j . 

As a result of the previous corollaries, the descent spectral sequences for the 
2-completed etale self-conjugate etale if-theory and hermitian JiT-theory of S take 
the forms 

g = 4fc 

q = 4k + l 
g = 4fc + 3 
q = Ak + 2 







and 



-lEr 



= < 



HUs, zT) 



Hg{S, Zf 




8fc + l 
8k + 2 
8fc + 4 

3,5,6,7 (mod 8) 



8fc + 4 
8fc-t-5 
8fc + 6 

1,2,3,7 (mod 



iKQf_p{S)#, 



For £ 7^ 2 the descent spectral sequences take the forms 

r HUS, Zf) q = 4fc 

lE^^^^l HUS,K^''+^) <Z = 4fc + 3 

[ g ^ 1,2 (mod 4) 

and 

^P,, ^ f i/|;(5, Zf g = (mod 4) 

" ^ I q^O (mod 4) 



.KQt,{S)#. 



Our next objective is to compute ^-adically completed etale self-conjugate and 
hermitian iC-groups in terms of etale cohomology groups. To this end we need some 
more notation. 
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Let Au B denote an abelian group extension of i? by ^, so that there exists a 
short exact sequence 

Lemma 6.12. //cdaCS*) = 2 and H%{S,Zf '') = for i > then the 2-completed 
etale hermitian K -groups of S are computed up to extensions in the following table. 



n mod 8 






8fc > 
8fc + 1 
8fc + 2 
8fc + 3 
8fc + 4 
8fc + 5 
8fc + 6 
8k + 7 





HliS, 





i/^(5,Zf4fe+4) 



Remark 6.13. The assumption on the vanishing oi H9^{S, Zf*) for z > in Lemma 
I6.12l is a commonplace and holds for the examples considered in Section[7l We note, 
however, that the assumptions in Lemma [6. 121 are not satisfied for the field of real 
numbers, and for number fields with at least one real embedding. 

Lemma 6.14. If £ is an odd prime and cd£(S') < 7 the £-completed etale hermitian 
K -groups of S are computed up to extensions in the following table. 



n mod 4 


eKQl\S)# 


4fc > 
4fc + 1 
4fc + 2 
4fc + 3 


i/7(5,Zf2'=+4). 
i/6(5,Zf'=+4). 





Corollary 16.111 and the corresponding result for algebraic iiT-theory imply the 
next result by inspection. 

Corollary 6.15. The etale sheaf associated to the presheaf 

C/^^„(eV(C/)#) 
of t-adically completed hermitian V -theory is given as follows. 

(1) For £^2 by: 

(2) For £^2 by Zf 2*^+1 tfn = 4k + l, and trivial otherwise. 

The previous corollary allows us to immediately identify the i?2-page of the de- 
scent spectral sequence for ^-adically completed etale hermitian ^-groups in terms 
of etale cohomology. As a consequence, imposing a commonplace restriction on the 
etale cohomological dimension yields the following computation. 

Lemma 6.16. //cd2(5) = 2 and H%{S, Zf ) ^Ofori>0, then the 2-completed 
etale V -groups of S are computed up to extensions in the following table. 
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n mod 8 


e = 1 


£ = -1 


8fc 








8fc + 1 


j®Ak+l 




8fc + 2 


,,(»4fe+l 
P2 





8fc + 3 


,,i»4fe+2 





8fc + 4 








8fc + 5 




^(»4fe+3 


8fc + 6 





,,®4fe+3 
P2 


8fc + 7 





,,®4fc+4 
P2 



n mod 8 






8fc > 
8fc + 1 
8k + 2 
8fc + 3 
8A: + 4 
8fc + 5 
8fc + 6 
8fc + 7 


Zf4'=+3) 




HliS, Zf^''+'') 





(5, Zf4fc+3) 

7?^(5,^r+3).ffi,(5,zr'=+3) 



The previous computations are supplemented by more specialized examples in 
the next section. For the earliest etale if-theory computations we refer the reader 
to [15] and [60]. It is worthwhile to point out that the difference between the etale 
if-theory, in loc. cit., and the etale hermitian .ftT-theory computations in this paper 
is reminiscent of the situation for the classical Atiyah-Hirzebruch spectral sequences 
based on complex and real topological iiT-theory. This analogy is evident on the 
level of etale stalks by comparison with the complex and real /C-theories of a point. 

7. Applications to finite fields, local and global fields 

In this section we point out some computational consequences of the above re- 
sults. The examples are geometric in nature and relate to finite fields, and to 
local and global number fields. Our main interest and focus are on the 2-primary 
computations. 

Example 7.1. In what follows, we apply Lemma[6J4|to some classes of examples. 
Throughout, £ is an odd prime number. 

(1) If 5 is a d-dimensional smooth complex variety then cd^(5') < 2d. Lemma 
16.141 computes the group ^KQ^{S)^ up to extensions if S is of dimension 
at most 3. For curves and surfaces there are no undetermined extensions. 
Detailed computations of the algebraic ii'-theory of S were worked out in 
[H] and [IS]. 

(2) If S* is a smooth curve over a number field then cde{S) = 4. In this case, 
for n > 0, there are no undetermined extensions in the computation of 
^KQ^{S)^ given in Lemma [6.141 For detailed computations of the alge- 
braic if-theory of S we refer to [5T] . 

(3) The ring Opl^/i] of £- integers in any number field F has cohomological 
dimension cdiiOp [l/i]) = cdi{F) = 2. In particular, ^KQ^iPp [l/^])# is 
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trivial when < n = 0, 1 (mod 4) and finite when n = 2 (mod 4). The 
same cohomological dimension bound holds for local number fields and their 
valuation rings, e.g. the field of ^-adic numbers. 

Let be a field of characteristic ^ 2 and be a primitive r th root of unity. 
For i G li, let Wi{F) be the maximal 2-power 2" such that the exponent of the 
Galois group of F{(^2")/F divides i. If F contains C4 and i ~ 2^k with k odd, then 
Wi{F) = 2'"+^ where r is maximal such that F contains a primitive 2''-root of unity. 
If i is odd, Wi(Q(\/— T)) = 4, while if -s/^ ^ F then Wi{F) = 2. In all our examples 
the number Wi{F) is finite. 

Using Lemma [6. 121 and the etale cohomology groups of finite fields, we tabulate 
the 2-completed etale hermitian iiT-groups of Ft for t odd. Our findings are in 
agreement with Friedlander's computation of the hermitian ii'-groups of Fj in |19) . 

Example 7.2. Let Fj be a finite field with an odd number of elements t. The 
2-completed etale hermitian if-groups of Fj are computed in the following table. 



n mod 8 


ii^Q:;'(Fo# 


-iifQf*(FO# 


8fc> 


Z/2 





8fc + 1 


(Z/2)2 





8fc + 2 


Z/2 





8fc + 3 


Z/wik+2{^t) 


Z/«;4fc+2(F() 


8fc + 4 





Z/2 


8fc + 5 





(Z/2)2 


8fc + 6 





Z/2 


8fc + 7 







The extension problem for iKQ^f^j^-^{¥t)j), can be resolved using the homotopy 
fibration [55] 

icsc{Vt) n,icQ{Vt) ^ n-'-,JCQ{¥t). 

The group KSCsk{^t)# has order 2, cf. Example 17.121 and is a direct summand 
of ii^r(58fc+i(]Ft)#. This also resolves the extension problem in degree 8fc + 5 for 

£ = -1. 

Example 7.3. Lemma [6.121 applies to every dyadic local field F, i.e. every finite 
extension of the 2-adic numbers Q2- If the field extension degree [F : Q2] ~ d, then 
ijo (F, Zf) = 6,oZ2, Hl,iF, Zf 1) = Z^+i ® Z/2, 7J^(F, Zf') = Z^, 

ffWp - / ^2©^/2 i>lodd, 
' 2 ^ - I ® Z/u;,(F) i even. 



and 



Z/wj_i(i^) i > 1 odd, 
Z/2 j even. 

The 2-completed etale hermitian A'-groups of F are computed up to extensions 
in the following table. 

For a non-dyadic local field, i.e. a finite extension of the p-adic numbers Qp 
for some odd prime p, the 2-completed etale hermitian if-groups are comprised of 
finite groups in positive degrees. The etale cohomology computation leading to this 
conclusion is given in [ITJ Proposition 7.3.10]. 
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n mod 8 



Z/2. (Z/2)''+^ 
(Z/2)''+2.Z/2 
Z/2. Z/2 

Z^®Z/W4/C+2(F) 




z/2 

Z/2.(Z^©Z/u'4fc+4(i^)) 



> 

+ 1 

+ 2 
+ 3 
+ 4 
+ 5 
+ 6 
+ 7 






Z/2 

Z/2.(Zf eZ/u;4fe+2(i^)) 
Z/2. (Z/2)''+2 
(Z/2)'^+2 . Z/2 
Z/2. Z/2 

Z^©Z/w;4fc+4(i^) 



Example 7.4. The 2-conipleted etale hermitian X-groups of a finite extension F 
of Qp for p odd are computed up to extensions in tlie following table. 



n mod 8 






8fc > 
8fc + 1 
8fc + 2 
8fc + 3 
8fc + 4 
8fc + 5 
8fc + 6 


Z/2. (Z/2)^ 
(Z/2)2.Z/2 
Z/2. Z/2 

Z/u;4fe+2(F) 





z/2 

Z/2.Z/w4fc+4(^^) 





z/2 

Z/2.Z/u;4fe+2(F) 
Z/2. (Z/2)2 
(Z/2)2.Z/2 
Z/2. Z/2 

Z/W4fe+4(F) 



A totally imaginary number field F is called 2-regular if the 2-Sylow subgroup 
of K2{Of) is trivial. The Gaussian numbers Q(\/— T) is an example of such a 
number field. For the etale cohomology of Of [1/2] the 2-regular assumption im- 
plies that H?^{Of [1/2] , Zf' ) is trivial for i 7^ 0, 1 [tsl Proposition 2.2]. Moreover, 
H^^{Of [1/2] , Zf ) identifies with Z^©Z/wi(F) for i ^ 0, and HI^{Of [1/2] , /zf ) = 
(Z/2)'^"'"^ where c denotes the number of pairs of complex embeddings of the num- 
ber field F. By way of example, the number Wi{Q{\/—l)) = 2^+'^'^^ for all i , where 
(1)2 is the 2-adic valuation of i. 

With these preliminaries in hand, we are ready to state the following computa- 
tion. 

Example 7.5. Let _F be a totally imaginary 2-regular number field with c pairs 
of complex embeddings. The 2-completed etale hermitian iC-groups of its ring of 
2-integers Of [1/2] are computed up to extensions in the following table. 

Remark 7.6. We expect that iKQII^-^^{Of [l/2]}# and ^iKQII^^{Of 
are elementary abelian 2-groups of rank equal to c + 2. 

In the following discussion of etale F-theory we shall specialize Lemma 16.161 to 
the previous examples of finite fields, local fields and totally imaginary 2-regular 
number fields. As for hermitian etale if-theory, it turns out that the etale ^-groups 
of dyadic and non-dyadic local number fields are completely different; although in 
some degrees we are only able to compute these groups up to extensions, we can 
conclude that the former allow free summands in some degrees while the latter are 
always finite abelian groups. 
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n mod 8 


iKQI\Of [1/2])# 


-,KQ':{Of [1/2])# 


8fc > 







8k + I 


(Z/2)'=+i • z/2 





8k + 2 


Z/2 





8k + 3 


Z^®Z/u;4fe+2(i^) 


Z^®Z/ii;4fc+2(^^) 


8k + A 





(Z/2)'=+i 


8k + 5 





(Z/2)=+i.Z/2 


8k + 6 





Z/2 


8k + 7 


Zi®Z/«;4fc+4(-F) 


Z§ ® Z/M;4fe+4(i^) 



Our computation of the 2-completed etale ^-groups of finite fields is in agreement 
with Killer's results for X^-groups in [22j . 

Example 7.7. Let Ff be a finite field with an odd number of elements t. The 
2-completed etale ^-groups of Ft are computed in the following table. 



n mod 8 


iKf(IFt)# 




8fc > 


Z/w4fe+l(]Ft) 




8fc + f 


z/2 





8fc + 2 


(Z/2)2 





8A: + 3 


Z/2 





8fc + 4 


Z/u;4fe+3(Ft) 




8fc + 5 





Z/2 


8fc + 6 





(Z/2)2 


8k + 7 





Z/2 



The extension problem in degree 8A:-|-2 can be resolved using that lif Q8fe+2(Ft)# 
has order 2 and is a direct summand of iV8fc+2(IFt)#- Likewise, this also resolves 
the extension problem in degree 8fc + 6 for e = — 1. 

Next we turn to local number fields. We find it convenient to distinguish between 
dyadic and non-dyadic local fields. 

Example 7.8. The 2-completed etale F-groups of a dyadic local number field F 
of degree d are computed up to extensions in the following table. 



n mod 8 




-iV^\F)# 


8fc > 
8k + 1 
8k + 2 
8k + 3 
8fc + 4 
8k + 5 


Z/2 .(Z^® Z/2) 
Z/2 • (Z/2)''+2 
(Z/2)'^+2.Z/2 
Z/u;4fe+2(F).Z/2 

Z^ ® Z/2 



Z^®Z/2 





Z/W4k+2{F) 

Z/2. (Zf® Z/2) 
Z/2. (Z/2)'^+2 


8k + 6 





(Z/2)'^+2 . Z/2 


8k + 7 


Z/-ii;4fc+4(F) 


Z/w4k+4{F) . Z/2 



If i is even, the number Wi{Q2) = 22+(«)2. 

For non-dyadic local number fields the etale 1^-groups turn out to be torsion 
abelian groups. 
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Example 7.9. The 2-completed etale ^-groups of a non-dyadic local number field 
F are computed up to extensions in the following table. 



n mod 8 


iK?*(i^)# 


-iK?'(^)# 


8fc > 
8fc + 1 
8fc + 2 
8fc + 3 
8fc + 4 
8A: + 5 
8fc + 6 
8fc + 7 


Z/2 •Z/2 

Z/2. (Z/2)2 
(Z/2)2.Z/2 
Z/u;4fe+2(F).Z/2 

Z/2 





Z/zi;4fe+4(F) 


Z/2 





'L/wik+2{F) 
Z/2 •Z/2 
Z/2. (Z/2)2 
(Z/2)2 •Z/2 
Z/w^k+i{F)•Z/2 



Our last example concerning etale ^-theory deals with totally imaginary 2- 
regular number fields. We refer to the discussion prior to Example 17.51 for some of 
the salient features of these number fields. 

Example 7.10. Let F be a totally imaginary 2-regular number field with c pairs 
of complex embeddings. The 2-completed etale ^-groups of its ring of 2-integers 
Op [1/2] are computed up to extensions in the following table. 



n mod 8 


iKf(OF [l/2])# 


-iV-\Of [1/2])# 


8fc > 
8fc-M 


Z^®Z/u;4fe+i(F) 
(Z/2)'=+i 


Z§®Z/u.4fe+l(^^) 






(Z/2)'=+i • Z/2 





8fc-K3 


Z/2 





8fc-h4 
8fc-K5 
8fc-K6 
8fc-h7 


Zl^Z/wik+^iF) 








Zi®Z/ii;4fe+3(i^) 
(Z/2)=+i 
(Z/2)=+i«Z/2 
Z/2 



Remark 7.11. We expect that iV"8fe+2(Ci=^ and _iy4'_^g(C'F [l/2])# are 

elementary abelian 2-groups of rank equal to c -f 2. 

The next examples concern self-conjugate algebraic if-theory. 

Example 7.12. The 2-completed A'S'C-groups of a finite field Ft of odd charac- 
teristic are given in the following table. 



n mod 4 


KSCn{Vt)# 


4fc > 


z/2 


4fc + 1 


Z/2 


4fc + 2 


Z/w2k+2{^t) 


4fc + 3 


Z/u;2fc+2(F0 



Recall that r denotes the duality functor in algebraic iiT-theory. The map 
is multiplication by 2 if n = 1 (mod 4) and trivial otherwise. 
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Example 7.13. Let _F be a totally imaginary 2-regular number field with c pairs 
of complex embeddings. The 2-completed KSC-gioups of its ring of 2-integers 
Of [1/2] are given in the following table. 



n mod 4 


KSCniOp [l/2])# 


4fc > 




4fc + 1 


Z/2 


4fc + 2 


Zi®Z/w2fc+2(-F) 


4fc + 3 


Z^©Z/u;2fe+2(-F) 



The map 

^„(1 - r) : KniOp [l/2])# ^ i^„(Oi. [l/2])# 
is multiplication by 2 if n = 1 (mod 4) and trivial otherwise. There is an exact 
sequence (with A ^ Op [1/2]) 

^ KSC2n+liA)# -> K2n+l{A)^ ^ K2n+l{A)^ ^ ir5C2„(A)# -> 0. 

In the examples above, the assertions concerning 7r„(l — t) follow by inspection, 
using the computations of i^„(Ft)# [17] and Kr^iOp [l/2])# gHl Theorem 3.1]. 

A systematic approach to the ii'S'C-computations is to first compute the descent 
spectral sequence for etale ifS'C-theory obtained from Corollary I6.10[ and then 
invoke Theorem l6.2l In general, if cd2(S') < oo, this approach gives "in sufficiently 
high degrees" a strongly convergent cohomological spectral sequence 

HliS, Zf^) q = Ak 



Zf^+S) g = 4fc + 3 
g = 4fc + 2 



KSC,.j>{S)^. 



8. Applications to group rings, complex varieties and commutative 

Banach algebras 

Let G be a finite group and R be the ring of S'-integers in a number field. Let 
m be a prime power which is prime to the order of G. In [66], Weibel proves a 
periodicity theorem for the higher algebraic i^T-theory of the group ring A = R[G\, 
with coefficients in Z/m. More precisely, the cup-product with the Bott element in 
if-theory induces an isomorphism 

K,{A- Z/m) = K,+p{A- Z/m) 

for j > 0. Here, the integers m and p are linked according to our Convention 
10.11 We can apply our periodicity theorems of Section 4 in order to show that, for 
1/2 G A and any involution on A, for instance the one induced by g i— > g^^ , we 
have a split short exact sequence for m a power of 2 and i > q — \. 

^,KQ,+ps{A\ Z/m) ^ eKQ.,{A- l^lm) % X^,KQ,^.p,{A- Z/m) ^ 0. 

Here the number q is given by our convention 10.21 We note that Weibel's theorem 
is also true for i > if we replace the number ring i? by a local field. 
In particular, the ifQ-groups are also periodic, i.e. 

eKQ,{A- Z/m) ^ ,KQ,+p{A- Z/m) 
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at least for i > g — 1. In fact, a more careful analysis forces us to distinguish two 
cases according to the parity of to. 

If TO is even, the condition that the order to G is prime to to implies that G 
is of odd order. According to the famous theorem of Feit and Thompson |17) . 
this implies that G is solvable. Therefore, for 2-primary coefficients, we have a 
periodicity statement only for a special class of solvable groups. 

If TO is odd, we already know, without the hypothesis 1/2 e A, that the group 
eKQi(A] Z/m) splits into the direct sum 

eKQ,{A; Z/to) = eKQ,{A; Z/m)+ ® ,KQ,{A; Z/to)_. 

In this direct sum decomposition, the group gKQi{A; Z/to)_ is the higher Witt 
group with Z/to coefficients and we have the periodicity isomorphism 

eKQ^{A; Z/to)_ = -eKQ,+2iA; Z/to)_ 

for all values z e Z. On the other hand, the group eKQi{A\ 'L/m)+ may be iden- 
tified with Ki{A; Z/to) + , the symmetric part of Ki(A; Z/to) with respect to the 
involution given by the duality. Since this involution is compatible with the Bott 
map, Weibel's theorem |66j implies another periodicity isomorphism 

eKQ,{A; Z/to)+ ^ ,KQ,+p{A; Z/to)+ 

but only if i > 0. Summarizing, we have proved the following theorem. 

Theorem 8.1. Let G be a finite group and let R be the ring of S -integers in a 
number field. If m is a 2-power and if G is of odd order, then we have a periodicity 
isomorphism 

eKQ,{R [G] ■ -L/m) = sKQ^+p{R [G] ; Z/to) 

if 1/2 Cz R and if i > q—1. On the other hand, if m is an odd prime power and if G 
is an arbitrary finite group whose order is prime to m, we have the same periodicity 
isomorphism, with only the restriction that i > 0. 

Remark 8.2. As in Section [6l we may conjecture that, in the case where to is a 
2-power, the inverse limit 

lim^ KQi+psiA; Z/to) 

is reduced to 0. In other words, we conjecture that the ring A is hermitian regular 
according to Definition 10.51 This will imply that the positive Bott map 

sKQ,{R [G] ■ 'L/m) eKQ,+p{R [G] ; Z/to) 

is an isomorphism for i > according to Theorem [431 

Let us now turn our attention to a smooth complex variety S of dimension n. As 
we briefly mentioned in Section[6l the etale dimension of S is 2n. As a consequence 
of Artin-Grothendieck theory, it is well-known that the Betti cohomology of S with 
coefficients Z/to is isomorphic to the mod to etale cohomology. The same result is 
valid for any cohomology theory by the method initiated by Dwyer and Friedlander 
[15] . For instance, the mod to etale if -theory of S coincides with the mod to 
complex topological if-theory of Atiyah and Hirzebruch. By the same argument, 
the mod to etale liiTQ-theory coincides with the mod to JsT-theory of complex vector 
bundles provided with a nondegenerate symmetric bilinear form. This theory is well 
understood and is detailed for instance in Appendix B to [3]: it is the usual mod 
TO topological real ii'- theory. In the same way, the mod to etale -liiTQ-theory 
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coincides with the mod m i^-theory of complex vector bundles provided with a 
nondegenerate antisymmetric bilinear form. This theory is also well understood: it 
is the usual mod m topological symplectic iiT-theory. In both cases, we shall write 
i;KQ°^ [S), with e = 1,-1 if we consider symmetric or antisymmetric bilinear 
forms respectively. 

Theorem 8.3. Let S be a smooth complex variety of dimension n. Then the mod to 
etale sKQ-theory of S coincides with the mod m topological K -theory of its complex 
points, real or symplectic according to e. Moreover, the canonical map 

is split surjectiv^ when i > 2n + q— 1. Moreover, for odd prime power coefficients, 
it is an isomorphism for i > 2n — 1, with an identification of eKQi {S) with 

(S)^, the symmetric part of (S) with respect to the involution induced by 
the duality functor. 

Proof. This theorem is mostly a consequence of the general results in Section 
m What remains to be shown is that £KQ^{S)-. is zero for odd prime power 
coefficients: this is a consequence of the fact that —1 has a square root in C. 
Therefore, the classical Witt group and also the higher Witt groups have only 
2-torsion. □ 

Let us now consider a real or complex commutative Banach algebra A. It is a 
theorem of Fisher [TB] and Prasolov [46 that the natural map 

Kf^iA; Z/to) i^f Z/m) 

is an isomorphism for i > 1. In particular, the groups K^^^^ {A; Z / m) are periodic 
of period 2 if A is complex and of period 8 if A is real. In this context, it is natural 
to state the following conjecture. 

Conjecture 8.4. Let A be a real or complex commutative Banach algebra with 
involution. Then the natural map 

,KQf^{A;Z/m) ^ ,i^gf P(A; Z/to) 

is an isomorphism for i > 1. 

Applying the general arguments in this paper, we can prove a theorem that 
would also be a consequence of this conjecture, namely the periodicity of the groups 
eKQf^{A;Z/m), which we simply write eKQi{A;'Z/m). More precisely, the theo- 
rem of Fisher and Prasolov implies that the Bott map Ki{A; Z/to) — )■ Ki+p{A; Z/to) 
is an isomorphism for i > 1, with to and p being related by our Convention 10.11 
From Theorem 10. 13[ we therefore deduce the following periodicity pattern for the 
groups eKQi{A;Z/m). 

Theorem 8.5. Let A be a real or complex commutative Banach algebra with invo- 
lution. Then we have an isomorphism 

eKQ,{A;Z/m) ^ ,KQ,+p{A;Z/m) 

for i > q, where m, p and q are 2-powers related by our Conventions 1 0. 1\ and \0.2[ O 

^In , we show that in fact this canonical map is an isomorphism when i > 2n — 1 . 
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As a matter of fact, if m is an odd prime power, we can prove a much better result. 
For, we know already by our general theory that the subgroup i;KQi(A;Zi/m)- is 
periodic of period 4 for all values of i. Moreover, sKQi{A;Z/m)+ is isomorphic 
to Ki{A;Z/m)+, the symmetric part of i-C-theory which (as a direct consequence 
of the theorem of Fisher and Prasolov) is periodic of period 4 if A is complex or 
real. Summarizing, we get the following more precise theorem for m an odd prime 
power. 

Theorem 8.6. Let A be a real or complex commutative Banach algebra with invo- 
lution and let m be an odd prime power. Then, for i> 1, we have an isomorphism 
given by the cup-product with a Bott element 

,KQi{A;Z/m) ^ ,KQi+i{A;Z/m). 
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